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Information and Communication Basics [ Chapter 1 Information and

Entropy
2019/4/24 1B R D

RA VR
- T &
- tHHlE, PEERE, = hrE—
point
- What is an information source?

» Information volume, average information volume, entropy

1. 1 HHE
1.1 Information volume
BallEES

1. 2 EHIE

1.2 Information sources
&)%)T%ti&{ﬁ)(ﬁs&éo :O)‘r%ﬂi{ﬁﬁ)%\ Tlﬂﬂo)ﬁi&sl,sz,,,snﬁ‘;\ Pl,Pz,,,PnODEE%?‘—t“‘ﬁz@‘@F

Do ZOEHRIEX %

_ Sl SZ Sn n _
x=( w L F) Emm=

ERBT D,
There is a source X. From this source, n reports s_1,s 2,,,s_n occur

with a probability of P_.1,P_2,,,P_n. This source X

To express.
(G ZhUE, id EREOLATHY . KV EHERG I I TR TE 20

(Note: this is for the iid source, and for more complex cases this

cannot be represented)

#i) A an
Example) Dice
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(1 4 6)
X=1(1 1 1
6 6 6
BHREMRTEOLZD=>FRFEIG, BHRNSZHEEY KL THRAET D,

Capturing information with probability => Notifications are generated
many times from the information source.

AR DN
Nl W
= Ul

1. 3 =vhrb—
1.3 Entropy

& 5 Bl 72 (SR
A simple source

_(S1 S, _ .
X—ng)(ﬂ+5—n%%za

ST HIEWMEIX, I = —logP; THbH, TNHLDOVEHERD, T7bb,
The amount of information for S_i is I _i=—logP_i. Take these averages
That is,

H= [ } (bit)

. [ERFEXOVEHERE, F2F, v hrbE—¢E5 9,
Is called the average information amount of the information source X,
or entropy.

HHOE D InfE O — A 72 551X,
In the general case of n notifications

S S, ... S

X=| > " D Pi=1 ZHLT,
P P .. PR i

H=-3",P «logP; (bit)

L%,

THHREIE, ER OB LR L2 EDBEERFIL THLHOICK L, = ko B — I FHRIE
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XBROELZRILL TWD,

The amount of information expresses the amount when an individual
notification occurs, while the entropy expresses the amount of the
entire information source X.

el bk K4, 1EETIERS LERE LTEDREDERENH D=0 b —
Repeat many times. How much information is there as a whole, not every
time = entropy

Bl1) HHHF 1 ORR
Example 1) Weather in a certain region 1

1 1

gie <b 0 My
X1=

| - J-U%}[
~__

1
2 4 8

1(##)=-10g(3) =1 1(<80)=-10g(;)=2 1(i)=1(F)=-10g(;) =3

Tz b B —

| |

= 7/4(bit)

#l2) HHHTT 2 DRA
Example 2) Weather in a certain region 2

1 1

B <Y W
X2=<H w E’) Hy = 1 (#542) = 2 (bit)

1 1
4 4 4 4

£% Hy <H, OFRRIIMT? #HEROMRwY
Discussion What is the cause of H_1<H_2? Bias of probability

ERIME-> TWND—>TFTHENRTETRT WV —>T 0 b =&

Probability is biased ——> Easy to make prediction —> Small entropy

#13) HDHHIT 3 DRR
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Example 3) Weather in a certain region 3

- 5
1 0 0 o
SERIC TN, 72721, lim xlogx = 0
X—

Completely predictable.

#Bl4) <L 256K
Example 4) 256 lottery tickets

=, 7 L. £649% — 0.22 (bit)

X
4 2 4 256

(]%‘ 2% 3% 4%) B, — 6+99%
4:

256 256 256 256
—ENY oo L ZFIREVD, BEOFEOERE (= Fr e —) [I/hS, DFED,
FEAEFTTRD, &0 TN,
It is large when the first prize hits, but the average information
amount (entropy) of the whole is small. In other words, it is
predicted that it will be almost out of alignment.

Fl5) 777y NCEOAEESR
Example 5) Occurrence probability of alphabetic characters

—

1. 4 = hebv—0FKE R/IME
1.4 Maximum and minimum entropy values

& HHZR 2 e E B 2 5,
Consider the simplest dual source.

S, S
X=(; 1jP) H = —PlogP — (1 — P)log (1 — P)

(X] 777~ Hilh P, ftdh H
[Figure] Horizontal axis P, Vertical axis H
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H=-PlogP-(1-P)log(1-P)

0.8
0.6
0.4

0.2

GRE Z0r 77255848 L)
(Exercise; Discuss this figure)

S, S, .. S
R, RO HO AR xz(l ’ j 2 Pi=1
RP .. P i

n

1
EFBW, mr bR E—H AR RDOE, R = OTHE,

Generally, if there are n sources, then, the maximum entropy is given
when pi=1/n.

GREE Rt FrY X.)
(Exercise; Prove the above)

[FERA] Lagrange OREEHIEE W5, (P 5 &)
[Proof] The Lagrange undetermined constant method is used. (See page

4 h
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1. 5 HAIRGFRF] (typical sequence)
1.5 typical sequence

REFRINE S F D,
It is also called a representative sequence.

T b P —HDIEREX Ok L & XFENERT S,
Characters occur one after another from the information source X of
entropy H.

XFAEN J#EQATFRINEAERT D, ZNENIFRINE KRBT 5,
Create a character sequence by connecting N characters. This is
expressed as N character series

NI RE WS IZTIAE 72 SR T BRAEKR S NS,
If N is large enough, only a typical sequence is generated.

BRI 7o NSCF R AN OFEIL, M =28 Th 5,
We have M=2"NH typical sequences for N.
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(] (fmsRER)

AR NRIEK — NCTH—

lofa]o][ |

|

RN MIEETEDN.
M = 2N

O—XFH-YDEHRE H
—XFHHI-YDERE NH (1) (NXFIFMILITERT D)

ONA+HKREVDT, PO, PLORYIE, —XFFIDFDOL1 DERIZDH
T 5, OFY. MEDOXFINOEBEEIFZLNEEZ TR, (1/M)

FoT—XFHH-YDIEHREIL. —logp = —log, = logM (2)
® (=@ fhbd

NH = logM M = 2NH

[Figure]l (Simplified proof)

N+ REWGA, IZTHBR 2SR5 BRSNS,
If N is large enough, only typical sequences are generated.

#11) pO=pl=1/2 DiS, H=1, L->TM =2V =2V . B4H&EREET S
Example 1) When pO=p1=1/2, H=1. Therefore M=2"NH=2"N: All possible
combinations are obtained.

%12) p0=1, p1=0 OIF, H=0, L->TM =2 =1 C1THEE L TERY
Example 2) H=0 when p0=1 and p1=0. Therefore, M=2"NH=1: It means only
one type is available.
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BHRBEERI F1E JF777 0 VzOREREE
Method of Lagrange Multipliers

7TV DOREFELYE Lagrange's method of indeterminate coefficiency

2 BE¥x, yOBRIES (x, y) il 5:1Eg(x,y) = 00T T, KILT 5,
Maximize the function f(x,y) of two variables x and y under the
constraint, g(x,y)=0.

Flx,y,2) = f(x,y) + Ag(x,y) &iEZ,

oF
=0 5,=0 5;=0

THOLNHEN TR EWZTR, 7§ Bf,y)DERKIEEZS 25,

X °, y ~ that satisfies the simultaneous equations given by this
equation gives the maximum value of f(x, vy).
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EHEEEM] F2E HAFERE
Information and Communication Fundamentals [ Chapter 2 Mutual Information

2020/4/124 BT A ED
KA B
- TR L
Gy ha = FffftE=r bov— HAERE

Points
- Multiple information sources
- Joint entropy, conditional entropy, mutual information

2. 1 #HEHxxyhur’—
2.1 Joint entropy

HHRFEX LY EEZ D, Tbb,
Let us consider two sources, X and Y.

x x X i

X= (P(;D P(;z) P(xn)) Lic P(x) =1
(B v N

r= (P(yl) P(y;) - P(ym)) XL Py =1

XY HEMAEDETIHFREX - Y FEEHHID) 2525, (x, y1) 78 EEMEAFG LIRS,
Consider an information source X-Y (joint information source) that combines
Xand Y. (x_1, y 1) and so on are called joint events

o J

?:1271:1P(xi:3’j) =1
X - YO fa b —iL, UFER5,
The entropy of the source X-Y is

HX,Y)= —ZZ P(xl-,yj) * logP(xl-,yj)

i=1j=1

1 2023-07-26



InEREGT Y ba E— MRS, BT bit,
This is called joint entropy. The unit is bit.

2. 1) aArz2BETS
Example 2.1) Toss a coin twice

(L %)
XY= 1 1
n 4

H(X,Y) = (—%logi) x4 =2 (bit)

BRI, IRBOaf BT EXEL, 2RIBOaA U BTFE2Y ERBTH L,
If the first coin flip is X and the second coin flip is Y, then,

) HX) = (—%log%) «2=1

S
Il
/N
N =T
NIRrN NIRrN

) HY) = (—%log%) x2=1

koT, ZoFITIEZ. HX,Y) =HX) + HY)DRE L TW5, (RICR S X 9 ICFIc&EEn
RS % i T Ru,)

Therefore, in this example, H(X,Y)=H(X)+H(Y) holds. (The equal does not
always hold, as we will see later.)

Bl2. 2) REIMEAE2BPECAS>TND, 1HIBOEDOEE X,
2EIHOEDOEAEZ Y L35, 272L, 1EIBOEITRERS 2V, X & Y 2
SIRHREATEREOT Y o B —ZRbizu, ®
Example 2.2) One red ball and two white balls are in the bag. @) O
Let X be the color of the first ball and Y be the color of

the second ball. The first ball is not returned. I want to find the entropy
of a joint information source consisting of X and Y.

FT. L FTORD L ITHAHERERD D, (EOGBZRR, AWERBLL, —EHBIIR
DT 2EIBIZRNRHLEEHEELZ PX=RY =R)¢RELTS,)
First, the joint probability is calculated as shown in the table below.
(The color of the red ball is expressed as R and the white ball as W. The
joint probability that red appears at the first time and red appears at
the second time is expressed as P(X=R, Y=R).)
2 2023-07-26



(%]

\_ J
HX,Y) = { ]: 1.58

BIgHIT,

And, [ ]
HX)= —glogé—glogé =log3 —g
H(Y) =( )

H(X)+H(Y) =2log3 —4/3  ~ 183

2. 2 ZHfHEFzbrbE—
2.2 Conditional entropy

HRFEXLYEREZ D,
Consider sources X and Y.

o x o ) i
X=(piey) P - P(n) mrent w;ﬁ
2
Y1 Y2 Ym m i :
Y=(ply) POw) ~ POw) = PO =1 \)’m
2

ASERRX Zxi MERLZZ 2o BT, HEIRY
THEETIEREEZS, KOX D R EELS Z &R
T& 5, :
Now, knowing that xi occurred from source X, consider an event from ®¥nce

3 2023-07-26



(4] Z3il

XN o T & YICE LT EDRERERNDND D,
H L, XEYIEREMR (haT)
X BN Do Th, YICE L T L IFRAE LR,
H L, XEYDRREFEHY (BER)
;WD L YICEA L TMERNIHELN D, TR0 5, BRI E - TTHEN
BT D,

i
1) ~1 XH|
P(x;¥;) = P(y;lx:)P(x)
2) JEWAA
P(x) =%; POxyyp)
ZIZT xBTS ED T TOBRIRY | B E X D,
|x; = ( Oulx)  Gelxd - (lx) - (ymlxi)>
T\POux) POalx) o P(ylx) o Gmlx)

Nall7pR= S N = I s

H(YIx) = = ) P(y;lx)logP(y;lx)
J

Tho, GWERELIZESIRMOTTO, YOTHRDOILTIZL &)
INZXIZONWTHIEET D,

HYX) = Y PGOH(Y ) = = ) ) Pa)P Oy lx)logP(y; 1)
i=1 i=1j=1
== > P yplogPO;lx)
i=1j=1
CREAFERETY f o U LIRS,

[AIERIZ,
HIXIY) = = > P, yplogP(uly))

i=1 j=1
2. 2TIE, 2HIBOEOELS 1BIEOEOAICHEHTABERELZZL TWAHZ IR
5, BFRENCHITL TS, LavL, (E#HEE CITEE,

2. 3) Fl2. 2) LEEC, FREIFEEAE2FEPEICA->TNS, 1HHOEOM
4 2023-07-26



X, 2EHAOEDC®EY LF5, 2L, 1EIEOERFRS RV, FiFft&=r b
— &R,
HOYX) = = ) ) PG, yplogPOlo)

i=1j=1
0

P(Y=RIX=R) =3 PY=W[X=R)=-=1
P(Y=RIX=W)=5 P(Y=WIX=W)=1
H(YIX) = |=0.67 (bit)

H(Y) =log3 —= = 0.97

H(Y) > H(Y|X) Z DT D,

TEE ZOBITIZHX) = HY) HY|X)=HX|Y) THDMB AT 5D T2,
FEME 2. 131,

2. 3 zvbhrv—oE
@ HX,Y)=HX)+ H(Y|X)
FEH XEY RS LIEEREO= hre— (BHS, TRON T &)
FFE—H  XOxr brb— (BIRS, PHEOLTICL )
FAH I XICH L Tahsfc b Eoyo=y brt— (Biks, THRONL T L)
A HBEUTHRIT S
@ H(X,Y)=HY)+ H(X|Y)
@ HY)=H(Y|X)
V) OREX L RS,
TN Y DBEBE &S
Fil: XICE LT o7z b & DY DB &S
[FARIC, H(X) = HX[Y)
@ HX)+HY)=HX,Y)
A, QL@ &Y B,

2. 4 (HEREHE
VxSV DOREXDES, TR

106Y) = HOO - HXIY) = 22 o 3l0g pa
i=1 j=1 t ]
IR EC S el BEB
1(X;Y) = H(X) — H(X|Y)
YZMDZ EIZkoT, EOREXDERI NS 72h, EORETRNL TR Loz

2 DEV | YD HERNICXICOWTE LD IR,

(]
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I(X;Y) = HX) — HXIY) = HY) — H(Y|X) = H(X) + HY) — H(X,Y) = I(Y; X)

H(X) H(Y)
H(Y]X)
MEHHIJ
(fRE mEmE2. 1~2. 3)
Bl2. 4) RBROHEKES L &G
AR
X/Y Iz Zy, LFATWDy, ERIFy, & 53 AR
T&7ex, 0.45 0 0.05 0.50
T&E R\, 0 0.45 0.05 0.50
JAD 534 0.45 0.45 0.10
H(X) =[ ]
PCxilys) =| |= 1 P(uly) =0 P(ly;) =2==05
P(ly) =0 P(xaly;) =52 =1 P(xlys) =20 =0.5
H(X|Y) = — Z Z P(x;,y;)logP(x:|y;)
i=1 j=1
I=HX)-HXIY) =09 KRFZRLLTEXEPBBILES»S,
B#E
X/Y IZZizly, LFATWDy, ERIFy, & 53 AR
T&7ex, 0 0 0.50 0.50
T&E R\, 0 0 0.50 0.50
JAD 534 0 0 1

HX)=1 HXIY)=1 I=HX)-HXIY)=0 FHFEZRTLHNLRL,

C#E
X/Y Iz Zy, LTATWDy, EXEy,
6

JED A
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T&7x 0.50 0 0 0.50

T&ERVx, 0 0.50 0 0.50
JE 5y A 0.50 0.50

HX)=1 HX|Y)=0 I[I=HX)-HX|Y)=1 REELWDEERIHND,

2. 5 HEREIIEBRIEOREE
2. 5. 1 FEORWERIE Memoryless Information Source (IS)
TEHIRD D DFLH DOFAEDPMSITAEL 2,
2. 5. 2 EFEEHRE Stationary IS
RFZ) t ICBIT DB OFAEL | R t+a 2B DL 5 DOREDNE (RS

2. 5. 3 FEORWEFHEHRIL Independently and identically distributed IS (i.i.d.)
2. 5. 1+2. 5. 2

2. 5. 4 =) I— NEHRJIL Ergodic IS
T I— REEZEFOIS [X]
F B VRN EHN 2 N RICE ENTWD,

2. 5. 5 FEKRIEHIE

X:(Sl S 53)

Py P, Ps
X2 = (5151 518z - 5353>
P1P1 P1P2 A P3P3

2 RPERIEHRI  GFRE EEMES. 3)

2. 5. 6 ~/La7ERKE

2. 6 = a7iEHRRE
HHES, 1R 1ETERERET D Z 235, HORLART L TN, KX
t—1, t=2, t=MIZERELIECFTRFT L& MEYLI 7HEREE VI,
M=0 EEOLFIEF LW EGS  OE~/ba 7RI, LB R
M=1 WED1XXFIEKFET %6 1E~-/La 7ERE, Bili~r o 7R
) WEOT LT 7y K

B2, 5) 1E~/La 7IEREX,
(%]

4 )
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ZoOxr et —H,
OP(0), P(L)DEFIREEMER AR D D,
ERREFEX t=7P |7 =1
7T EFEIREHESRY MV T =[r,m,,,, Ty,]
P BRMERITSI P =[P(l)] RN BIRGEICER T 5

FROHITIE, 7 = [my,m,) = [P0),P(1)] P= ﬁﬁglg ig:%

m; 1 ARAEL O IE FIR AR MR

TREMSE PO)=5 P =2

@i\/ I\ = to‘—Hl&j:\

H, = iip( YogP(x,x) = —=(0log0 + 1logl) 2(11 1.1 1)—2
1—_. . X1, X2)l0gr{xz[Xx, =73 0g og 3 Slogo+-logs =3
i=1j=1
=067

£%) 0L 1 B8ZFNTNP0), P(1) DR CTHEFLIE TRAT HIERIEX,
0 1

Xo = <l Z)
3 3

Hy=—Y PixlogP;=—3log;—>log==log3—==0918

£ > T, H;<H,
1w~ /L a ZEREX, O F R FREBIETRT W, L, 0 DKIINT 1 THL0 B,

(R 2E~AITEFERIUCOVWTHANL, &6, M BEvraZiFgioz s hot
— &R LT EEPH~ L)
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HRBEEML FI3E FRRFEL
Chapter 3 Information Source Coding
2020/4/26 1R D

RA b
ERFFESLOER (% / v OFE—EH)
NI E, Yy U EE

Points
- Source Coding Theorem (Noiseless Coding Theorem)
- Huffman coding, Shannon coding

R UEREZ XD ROV RVTFEREOFR NN 5 LEELW0WNDTEA I,
FxRHETIToTWADZ LiXfin?

Av—hHRy—>A=2R

N—=YFNara—F—>"Yyayr

AR 5 LER — > IFRIM SLER HERATE bRV, RATEASS ?
—F T, ENICHETLERIITA, —>FE4EIC

If we send the same amount of information, it is better to have a small number of
characters. What should we do? What do we do the similar things on a daily life?

Ex)

Cellular phone-> cell phone, Personal computer-> PC

Source Coding Theory -> Source Coding Theorem. We don't say SCT. Why? What are
the disadvantage of SCT? -> Chapter 4

3. 1 Hp# HELO®S (1)
[K3. 1]

HElbos (1)
Encoding concept (1)

a az

HEFLI7RUN(E D)

FrrIl
S4B — #EE |-
S, - a mEEER < C
=7 % = R)

BFEAL : S, ZRDa iz —x—I2HIV ¥ T3,

BHETNVT7 7y ba, OF [K3. 2]

(0, 1), TFHulZEE). (ALFBEOHVI 2B). (E—LVRAEE) % (HEEF2)
1 2020-08-20



Encoding: Assign S_i to another a_i one-to-one corresponding.
Example of code alphabet a_i
(analog signals), (Morse code), etc. (See Additional material 2)

BHFX DT b e—id,

H(X)=—-Y",P,*xlogP; Th2s,

— T, —FFEREOYER (KR P/ SRER) LT, X, P+l

Mo T, HREEEERIL, (1FFEREOROERE) /| (1FZEOEERH) THH . L
TTERETE D,

=~ =

HAT I, (bit/sec).

The entropy of Source X is
n
HX) = —2 P; * log P;
=1

On the other hand, the average length (a.k.a ,time or average code word length)

L of one code word is
n

Zpi*li

i=1
Therefore, the information transmission rate R can be (the amount of information
carried by one code word) / (the transmission time of one code word) expressed as follows.
R=—
L
The unit is (bit / sec).

RiZ., R&EWELrXv, HFD,

i 1

ERAETHITTED LEL W aeBE R D,

The larger R is, the better. Then, let’s think about how to maximize the following.
H =Y., P;xlogP;

R=—=
L Z?:1Pi*li

T7u—F1) l; BhExbhlclE REERKETHPERD D,
Approach 1) When 1_i is given, find P_i that maximizes R.

[EEE3. 1]
2 2020-08-20



[ Theorem 3.1 ]

ROFKRIECIE., READEDIRTEZ b5,

The maximum value C of R is given by the positive root of the following equation.

n
Z 27Cli =1
i=1

ZoEE, UNEns,
At this time, the following holds.

Pi = Z_Cli

(B8 FERE X))

(Prove the theorem)

|
T TV aDRERBEER NS,
F(Py,P,,,,PuA) = R(Py,P,,,,,P)+AXPi—1) & LT, ZHEHEEHTRMS LT,

Tips
Use Lagrange's undetermined multiplier method.
Partially differentiate the following equation with respect to each variable.
F(Py, Py, Py, A) = R(Py, Py, B) + AZ P — 1)
oF oF

a_PL-:O 57=0

C: WERIZERY BRWEEITIE, RORKIECITZE D FIBEKO R EEEITR D,
ZOEOCITHBERAR EMIND,
C: If there is no error in the communication channel, the maximum value C of R becomes

the maximum transmission rate of the channel. For this reason, C is called the channel

capacity.

3 2020-08-20



B3, 1) mETAT 7Sy MEAR(T D D)oL & omlEmE iR &,

Example 3.1) Find the channel capacity when the code alphabet set is ( b C)

1 2 2

Z‘ 2—Cli — 2—C + 2—2C + 2—2C =1
i=1

x=27C>0 Lt9BL, x+x2+x%2=1
ZNEFRANT, x=1 C=1%%H%, Lo,
1

P,=2C=- p,=22%=2 p=2%=-
2 4 4

LT NIE RIFRKIECE & %,

ZOBINE LGN D RN, INEWDFRFET VT 7y MIX, KERP, OSEHID Y
THZEBRA Y N THD,
As you can see from this example, the point is assigning S; with a large P; to the

alphabet with small ;.

T7u—F2) P, BEzxbhiclE REERRETLHLERD D,
Approach 2) When P_i is given, find 1_i that maximizes R.

LS, pp=2"C% %ZET5X72k05,
Change 1_i to satisfy P_i=2 * (-CL1).

F3. 2)

S, S, S, S
X=<1 1 1 14> DL x,

2 4 8 8
S1i-oa; 0 =1
S, = a, 10 [,=2
S3—-a; 110 [3=3
S4—~a, 111 1,=3
LT 5 &
YR 27Cli=27C 42720 4 2730 4 2730 =1 1D,
C=1 ThV, =2 L5EL~HKHLTND

4 2020-08-20



77a—F3) FRZF. L X P ZEHKRH-oT LT LLWRIEL LN TE R
VY,

Approach 3) Actually, I; and P; have restrictions and cannot always be satisfied.

FlZiE, OP; PLAMAL OBEB TEEDH S, @230, 1 OEETRE S 2HERED
Ba. il EO5LbRund,

For example, (1) when P; $°[; is fixed for some reason, (2) when /; is a discrete value.
What should we do?

cf. 7T7a—F 1, 2%,
Sirpi - ai,li @ct 5‘:—%1_'6%156?3'&'(11\60

cf. Approaches 1 and 2 have a one-to-one correspondence such as S;,P; — a;,l;.

5,5,8, - ajasagag RELELEDTHELT S,

For example, the block S,5,S, are coded into a,asagas.

(HeEP,P,P, THEETHIERIZ, L+ L+ g+ DRIOHFFEEIVHETS,)
(A code with a length of I +Is + lg + lg is assigned to the event that occurs with
probability P,;P,P,.)

DEY, SOXFIN 2O XFINHIE S, [P, =272 L L THHELY EFhuT, R%

BRALTE B TREMER B 5, [:]

In other words, if the sequence of S; corresponds to the sequence of a;, which means

[1P; = 27¢Z1 then the degree of freedom is increased to maximize R.

3. 2 BHRFEHS{LOER

3.2 Source Coding Theorem

[K3. 3] HEboEs (2)

#BTLITAON (Y ¢

L

+ FrRIL
wgE | | ®SE | —

mEEER<C

Si1Sin e Sine = @i @i *++ A
_(51 S, S,‘) i19i2 iN i14i2 im
=\p, P, - B,

(v /B 1ER (FRR/SLEER ]

[ Source Coding Theorem |

5 2020-08-20



fHaIRoT > b o —%2Hbit), BEAREZC(bitlsec) L T5 L &
£ (1~ e)ffifsec CLAM TR BAIAET B, el BRI S VER.
When the entropy of the information source is H (bit) and the channel capacity is C (bit
/ sec), there are codes that can be transmitted at %(1 — &) per second. € is an arbitrarily

small positive number.

(B A p.76) VU EHEELMETH L& HSM<H+e LRDTFHERE
T 5, (777 bORERE T 2 TARFEORE) MELr1

(Another form , Imai p.76) There is a coding method such thatH < m < H + €, where the
average code word length is m. (In the case of a binary separable code that satisfies the

Kraft inequality) See supplement material 1

[K3. 4] vv / V8 1 EFOFEH]
[ Fig. 3.4 ] Proof of Source Coding Theory

v/ E—EEO IS

TEERIRX NZK?JTJQ/ NY?&U\ — N ‘SC?EJ\
alblal--- ol1l10]---
lefal] ] ofafafol-] | ot
o e, e =) )
. 1 . HE
: : Robit/sec) BABRE
C(bit/sec)
ab c
X:[pa n paj l | ‘ l l ‘
H=- lo
I — xR —
H (bit) L (sec). H (bit)
T (sec)
M1:2NH . .
@ . W T H XN o R "
@F v R NAMLRDIEM, =2"" =2t =2 & =27 = e =R=C(IRDH})

QREMIZIZ. M, =M, M DIRIIRIEThIEL, D= NH=CT
@E®IIF Q:%@ﬁn:lﬁiﬁﬁmwa $=%(1—e) 50— A YIS XM (B B)

3. 3 H/EOHE

3.3 Nature of code
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[K3. 5] BEOHE

BETILIFRYN (‘1’ })

FrRI
wmE | | #Sit
X <
5, - 00? mEEER < C
— S5; - 110?
?
x=(i % K ) - 3eire

3. 3. 1 —REIZHESFRE, BFRFIZHE S FIRE
3.3.1 Unique decodability, instant decodability

aAff 5k HiE L
a) Coding method 1

S, - 0 m, =1 (FF5ER)

S, - 10 m, =2

S; - 110 my; =3

Sy 1110 m,=4
ZDNLE, 01011010~ +%2%fEL7, HETEDh

When 0101010... was received, can we decode it correctly?

0O 10 110 10~ - -
Sl 52 5'3 « o e
— BB TR

Uniquely decodable

b 5Lk 2
b) Coding method 2

> 0 m; =1 (FF5ER)
S, - 10 m, =2
S3— 11 my; =2

S, — 110 m, =3
TDEE, 01011010+ «ZZE L1, HETEDHD,

When 0101010... was received, can we decode it correctly?

0 10 110 10-+ -« -
S, S, 5575, - - -

~1

2020-08-20



— BT RE

Uniquely undecodable

R b L 3
¢) Coding method 3
S - 0 my =1 (FF5ER)
Sy, — 01 m, =2
Ss> 011 my=3
S4¢» 0111 my=4
ZDEE, 01011010 - %2%fFLT, EHETEDHD,

When 0101010... was received, can we decode it correctly?

01 011 01 O=~- -+~
Sy T Sy 185, e . e
—BICESATRE 7272 L. BRERCE S IR TRE
Uniquely decodable, instantly undecodable

Kraft D RZEX
Kraft inequality

—B\IE S A RE 7 4ot

Condition of unique decodability

THHREXZ LT &3 5%,

The information source X is as follows.

_ Sl SZ Sn n _
X_(p1 p, - pn) i=1Pi=1

SUZHID U THNIFFEREOR S Em &5,
Let m; be the length of the code word assigned to ;.

T 7 V7 7y b3k fE (ki) OB, —BICE SRR FlE, BLToREL%z

Wiz,

When there are k code alphabets (k-ary), the uniquely decodable coding satisfies the

following inequality.

2020-08-20



GRE R L, BV MEFEARIZBWT, TR TOFFEEARDOKIEE AICHIET 2 LD
(RS %)
(Prove the problem. Tip: In a code tree, all code words are configured to correspond to

the end nodes of the tree. )

a) o) DHE,
a) and ¢)

Lﬂ”“=2*+2ﬂ+24+24:1&24:551
b)DHA
b)

Ir2Mi=2"1422422423=9.23>1

(K3. 6] —RICESFRE, BRRHIE S ATHE
[ Fig. 3. 6 ] Uniquely decodable, instantly decodable

(BE —BMH. BRI LT, v 77 0 oFREK, ¥—
T AT ANRE =Y ERRY)

(Advanced topics: For uniqueness and instantaneousness, see McMillan's inequality,

Sardinas—Patterson algorithm, etc.)

3. 3. 2 FH/EER
3.3.2 Average code word length

S, S,

%ﬁﬁxzblg

iﬂ)zxaiﬁfaximn BETALT7 7y hOBEE

(5 T )RR T A B ST (ST mik,
SR CHESN S,
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51 SZ Sn

P, P, - Pn) is encoded

When a sequence generated from information source, X = (

a;

. a a
one-to-one using a set of code alphabets, ( lll ln), then, the average code word
n

L

length m 1is calculated as follows.
n
m = Z Pl-mi
i=1

(HHOTD, FFafboia (1) ERCSEME Lehy, FFaofboiis (2) THIRERDOHE
N TE D)
(For the sake of simplicity, the same condition as encoding concept (1) in Fig. 3.1 is used,

but the same argument can be made with the encoding concept (2) in Fig. 3.3.)

LR ERERmM X, NEWVIEE Ly,

The smaller the average code word length m, the better.

[EF3. 2]
[ Theorem 3.2 ]

Kraft O N EXZ 72T/ 51E, LN &2z d, GRE FEE L)
A code that satisfies the Kraft inequality satisfies the following. (Prove the theorem.)

[ 1

(=4 (=4

AEAH —logpP; < m; < —logyP; + 1 — >y ) O EL
[EH3. 2] O (k=2 £§25L)

Interpretation of [Theorem 3.2] (assuming k = 2)

cmEHE D /NS ALTE R,
s mZH+ 1L FIZIETE S,
+ m cannot be smaller than H.

- m can be less than H + 1.

G AL ITE 1 DA
10 2020-08-20



a) Coding method 1

S, - 0 m; =1 Py =%
S,-> 10 my =2 Py =1
S3—» 110  my=3 Py=:
Se—» 1110 my=4 Py=2
M=2-l+, 243 3+2-4=2 H== 2H<m<H+1
DFF AL TT ik 4
d) Coding method 4
S;—» 0 my =1 P =
S,-> 10 my =2 Py =1
Ss» 110 my=3 Py =2
Sp— 111  my=3 =3

— BI85 vTRE, BRI 75 AT RE
Uniquely decodable, instantly decodable
M=2-1+45-2+3-3+2-3=2 H=2 oH=m FHIZLEEL

Excellent coding

3. 4 EBHEMRFE{LEFE

3.4 Specific coding method

1) v/ v offE
1) Shannon coding
(1) AEMERP,OEWIEIC E2sB~5,
(2) BEifER q=31P (i=22) &Kk,
(3) =log P, <m; <-log P, +1 &E72omzERDD,
(4) q;0 2 EBIRBEO/NIR L Tmfi 2 %,

(1) Sort the symbols from the top in descending order of probability P;.

(2) Calculate cumulative probability q; = 25—211 P (i=2).

(3) Find m; such that —log P; < m; < —-log P; + 1.

(4) Take the m; digits after the decimal point of the binary expansion of g;.

2) NT7< DL
11 2020-08-20



1) Huffman coding

(1) EEEEOEHWVIEIZ EDIERD,

(2) Finb 2o (TRbLELAERERO/NSNED20) &1 7 —FE Lo L
T-RENED, TNLOLDMHEREZNE L TCEDO I NN—T DA RMHERET D,

(3) Hlle/ N—T a0 CAERBEEDEVIEIC Enbirs,

(4) TN—TN12Z2D, THhOLBLAERMERN 112705 F T, (2) (3) 20 iKT,

(5) 2L (=1) ONL— FMHLAREFEEDSIGICHLTO & 1250175

(1) Sort the symbols from the top in descending order of probability.

(2) Make a tree with branches from the bottom two (that is, the two with the lowest
probability) as one group. Add those probabilities to get the probability for that group.
(3) Sort again the symbols in descending order, including new groups.

(4) Repeat (2) and (3) until the number of groups becomes one, that is, the probability
becomes one.

(5) Follow the tree from the route with all probabilities (= 1) and assign 0 and 1 to the

branch.

il

Examples

1) ¥x /Ol

1) Shannon coding

i P; q; - EEURB m;
i P; q; binary expansion m;
S, = 0 = 0.0000 —log= = 1.68 2
16 5 ]46
S, 2 2 =0.0101 —log= =2 2
136 196 136
S3 12—6 % =0.1001 —l0g¥ =4 —log3 3
54_ ¥ 5 = 0.1100 —l0g1—16 3
Ss — —=0.1110 —log— 4
v
Se Te o= 0.1111 —logE 4
LEXD,
Thus,
s> 00
S, = 01
Ss> 100

S, - 110
12 2020-08-20



Ss» 1110
Se-» 1111
Y ) BRI

The average code word length

mgs =

2) NT= L DGEAL

1) Huffman coding

S,5/16 0 1
S,4/16 1

S33/16 1 7

S542/16
Ss 1/16 4/16
S1/16 : 2/16

PLEXY,

Thus,
S1— 00
S, = 01
S; = 11
A 100

Ss» 1010
Se—» 1011
NT RO B

The average code word length

"1 1

5 4 3 2 1 1

1 1
=E(20+8+12+6+4+4—510g5—3log3) =E(54—11.6—4.75)

=235
H < iy, < g

13 2020-08-20



INT = R DIERUR

Discussion of Huffman coding

<yl (GE) IZEIVfHT A0, 1k, R (B0, 1THLENASL, 0TH XV, 2l
BICEZTH LV,)

- The assignment of 0 and 1 to the branch (leaf) is arbitrary.

PR ERERMA R/MNIT H L VWO EIRTa R MNEFE RTINS,
- It is called a compact code in the sense that it minimizes the average code word length,

m.

- BEEAST & (Prefix code)

- One of prefix codes.

8 NI~ e arta— 4 TCRETLITINA) AL aEZ L, T—IHEEE
#L, 7o —F ¥ — bafflt L, EEOT 07T I3 TR THLW,)
(Exercise: Develop an algorithm of Huffman coding by defining the data structure and

a flowchart for the programming.)

(FE )
(Advanced topics)

s KEONT< I ED X I IC LB EHT 5D,

NI SO a7 MMEDEEH

NI TR, RO (DX U R/NDOMERZFOR) OB LT, IR (OFD
BHERL) POIRITHEREE (2HEDOGEITXL2) ITRD X IICHIVMIT L5551 (77
) Db o,

- How can Huffman coding in k-ary be achieved?

- Proof of compactness of Huffman code

- The Huffman code starts from the terminal leaves (that is, with the lowest probability).
Whereas, Fano coding starts from the root to divide it into k leaves with almost the same

probability (1/2 in the case of binary).

14 2020-08-20



FHEEERL F4E BERFSL
Chapter 4 Channel Coding
2020/6/4 fE R A

KA B
- B 3ETIE, PN EEEME CEXAIEHIZES T2, (LREZ2< )
T — X EHE, RR YD ORWBE R T oBEE
CBAFETIE, HENDDLBRER TS LTHELLESTE I/ SLEE XD,
(LREZMZ %)
- BERGESOEE (Vv ) D% ER)

Points

- In Chapter 3, the average code word length m was made as close to H as possible.
(Redundancy elimination for data compression, communication on a communication
path without errors)

- In Chapter 4, we will consider coding that can be correctly decoded even if errors are
made via a noisy communication channel. (Redundancy addition for error-prone channel)

- Shannon’s channel coding theorem

BMONRDLYGE, BAIXEI L TWDHEDIEA I

BRI HR Y IR L7200 TIEEE2A 00 5,

G2 BN CETET S, —OOFENOERITHREN DD &<, Bx HFEPEH
MRE—=OERICHERINL20%Pi<, 1& 1, o0& 0, 11L&,

What do we do if we may have words with errors?

Simply repeat it. But, it takes time.

Imagine the correct words from words with errors.

Prevent one word from being interpreted into another.

Prevent different words from being interpreted as having the same meaning.

For example, we might not use 1 and 1, or o and 0 since the pairs are very confusing.

4. 1 K
(4. 1)
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Q"""Q)"?"

HER  WERNSE | gEmasit B BERES, WERES  BEE
source source encode channel edcode channel channel decode source decode destination
XO
[ x Xa Xn (N Y2 Ym
x= (P(«n) P(xz) P(xn)) r= (P(y:) P(y2) P(ym))

Py
[®4 2) X (O lx1) oy
ngggi:::::::::::Y2

X, &——— \. Vi

X EED Ly NRESNHMBIRUMEHE Pojly) TEREIND, TREFFIEL
TAEANT=PZIBERITH L WS, BEBTHIZ. BEBORIRSLTIOMHEEZRL TV,
The probability that y; will be received after x; is sent is expressed by the conditional
probability P(y;|x;).

P, where P(y;j|x;) for all i,j are arranged as a matrix, is called a channel matrix.

The channel matrix represents the nature of the channel error proneness.

P(yylxy) P(ralxy) - P(Wmlxy)
P= P(J’1‘|x2) P(}’ry.;lxz)
P(yilxn) P(ynl.lxn)

Bla. 1 —cx#iEfEE(BSC; binary symmetric channel)
(4. 3]

’ P:[lzg 1f£]

4. 2 EfEREDY
[K4a. 4) 7FHu/7{EE50#EY vty hx=F—% BER (Bit Error Rate)

2 2020-08-20



4. 3 EEREEE

4.3 Information transmission rate

4.3 Taux de transmission des informations

4. TIRLEEIIZ, FrR~DANZERIEX . T ¥ 2006 O &2 HHIRY
EER D,
As shown in Fig. 4.1, the input to the channel is considered to be the information source
X, and the output from the channel is considered to be another information source Y.

Thus,

Thbb,
X x X .
X= (P(;l) P(;Z) P(xn)) Yt P(x) =1
(N % m W
r= (P(yl) P(y;) - P(ym)) YL Py =1

Yzl R EMRSITIREUED & 2 b LIVRWA, T R WIFRY 2831, y;
DHERZFHAICEIESR [P OXOICFET D, 2F0 ., FHEE AR5,
You may be embarrassed to call Y the information "source", but if we observe Y for a long
enough time, we can measure the probability of y_j and write it like the information

source format. In other words, we can regard it as a source of information.

AT ESNHI T bu bt — (—XFEHT-YOERE) X, LFTHAS,

The entropy (amount of information per character) sent from the input side is as follows.

HX) == ) POlogP(x)

HOMCEN = brE—id, UTTd D,

The entropy that appears on the output side is as follows.
m
H(Y) == ) P)logP())
j

XIZOWTY N L HZENICHE O N DI HE, TRbbHANHRREIL, T TRIASND,
The amount of information implicitly obtained from Y about X, that is, the amount of

mutual information, is expressed as follows.
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n

P(x,y;)

IX;Y)=HY)—-HY|X) = (xi, yj)log——F7—~==HX) — HX[Y)
:1; e ng(xi)P( Y;)

z IV

THEHIND, CEEMTIZHX) DEREL X > TV DR TTRD O THX|Y) 72 T Bk &
DB D, (FHREDD,))
(The sender sends the amount of H (X) information. Since some part of the information

may change, the amount of ambiguity is reduced by H (X | Y).)

—XFHT Y OESEMAELE 5 & EREXHERE, R =2 Th Y | ROFKEEC

( ,flzl //Q"E‘.) kl]qzé:;o —ﬁﬂfcij/)%\
Assuming that the transmission time per character is 1, the transmission rate R is R =

(I(X;Y)) /1, and the maximum value of R is called C (channel capacity).

1(X;Y)

C = max

Thd, AHEOID, IZEHLETDH L.

For simplicity now, let 1 be a constant.

IC =max I(X;Y) =max {H(Y) — H(Y|X)}
L b, INERERMETAHIZE, LFRB N5,

To maximize this, the followings can be considered.

-HEZREL T 5,
cHY X)) Z/hSL 35,

+ Increase H (Y).
+ Reduce H (Y | X).

Bla. 2 ZIRABRBIGHEOMIEBE R
Example 4.2 Channel capacity of BSC

[K4. 5]

4 2020-08-20



P 0 0 q ]P:[l—e 1f£]

1(X;Y) =H({Y) - H(YI|X) (=4 - 1)
H(Y) = —qlogq — (1 —q)log(1 - q) (f(74 2)

HY|X)=— ZZ (x,,y]) logP(yjlx)— ZP(xl)ZP(yllx *IogP(yjlx)

i=1 j= j=1
=—p{(1—¢)log(1 —¢€) + eloge} — (1 — p){eloge + (1 — €)log(1 — &)}
1 | (H4-3)

Febb, HYIXE, p, qZHEBMR, £)@BEBICL->-TREShD,

- T, (BEBPEE CAIEETERNETDH L) XIZOWTY R LRENICHE LN H1F
W, b bMEEFREIX;Y) =HY) - H{Y|X) NEKERDDIZ HY)BREKRIZRD
L&, Thbb, q=10KThH2,

Lo T,

That is, H (Y | X) is irrelevant to p and q. It is determined by the communication path
used.

Therefore, the amount of information indirectly obtained from Y for X (assuming that
the communication path is fixed and e cannot be changed), that is, mutual information I
(X;Y)=H (Y) -H (Y | X) can be maximized when H (Y) is maximum. At that time, q =
1/2.

Then,

1 1
Ic = H(Y) 1—H(Y|X)———log———log +eloge + (1 —€)log(1 — )

=1+¢eloge+ (1 —e)logl—¢) (H4— 4)
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[ 4. 6 ] V(f'lﬁéﬁEElC\ *ﬁﬁﬁg IC=1+¢eloge+(1-€)log(1-€)

0.8

e=0.5 O, EEPZ2BENEITZIRN,

When e = 0.5, no actual information can be oa

0.6

IC

transmitted. 02

(K VFEMZRETH 1) I(XGY) = HY) - H(Y|X) CRtAET 254

(More detailed calculation 1) When calculating with I X; Y) = H (Y) -H (Y | X)

PY=0)=PX=0PY =0X=0)+P(X=DPY =0[X=1)=p(1—) + (1 —p)e

Pr=1)=PX=0PY=1X=0+PX=1DPY =1X=1) =pe+ (1 - p)(1 —¢)
H(Y) = —ZP(yj)logP(yj)
=1

=—[{p(1 — &) + (1 —p)e}log{p(1 — &) + (1 — p)e}
+{pe+ (1 —-p)A—e)loglpe + (1 —-p)1-¢&)}] (H4-5)
P(X=0Y=0)=P(X=0P¥=0X=0)=p(l—¢) PX=0Y=1)=PX=0)PY¥ =1|X =0) = pe
PX=1Y=0)=PX=1DP¥ =0X=1)=(1-pe PX=1LY=1)=PX=DP¥=1|X=1)=(1-p)(1—¢)
H(Y|X) = —ZZ P(xl-,yj) * logP(yj|xi) =—p(1 —¢)log(1l—¢) —peloge — (1 — p)eloge — (1 —p)(1 — e)log(1 — ¢)
i=1 j=1
= —¢eloge — (1 —¢e)log(1—¢) (K4 - 6)
PLEED.
I(X:Y) = H(Y) — H(Y|X)
=—{p(1—&) + (A —ple}loglp(1 — &) + (1 —ple} — {pe + (1 — p)(1 — &) log{pe + (1 — p)(1 — &)}

+eloge + (1—¢e)log(l—¢) = (4-7)

(LVEEMZRFE 2) 1Y) =HX) —HX|Y)TEAET5E

(More detailed calculation 2) When calculating with I X Y)=H X) -H (X | Y)

_ N _ P(X=0Y=0) _  p(i-¢) _ 4N _ P(x=0y=1) _ pe
PX =0y =0)= P(r=0)  p(i-£)+(1-p)e P =0r=1)= P(y=1)  pe+(1-p)(i-e)
P(X=1Y =0) = P(X=1Y=0) _ (1-p)e PX=1Y=1)= P(X=1Y=1) _ _(1-p)(1-¢)
P(Y=0) p(1-¢)+(1-p)e P(Y=1) pe+(1-p)(1—-¢)

HX|Y) = —

M=
NgE

P(xl-,y]-) * log P(xi|y,)

J

I
-
I
-

=—[P(X=0,Y =0)logP(X=0|Y =0)+P(X=0,Y =1)logP(X =0]Y =1)

+P(X=1Y=0)logP(X =1y =0)+ P(X = 1,Y = 1)logP(X = 1|Y = 1)]

(o log PATO e PE e (TP
=-p(1 s)logp(1_8)+(1_p)g Pelogpg+(1_p)(1_g) 1 p)glogp(l—s)+(1—p)£
A-p-¢

-1-pa-9 log—pg T A-pa-2
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H(X) = —plogp — (1 - p) log(1 — p)
IS SN
IX;Y)=HX)—HEX|Y) = -
=—{p(1—&) + (1 —p)e}loglp(1 — &) + (1 — p)e} — {pe + (1 — p)(1 — &) log{pe + (1 — p)(1 — &)}

+ eloge + (1 — e)log(1 — ) fC(4 - 7)&//75

case 1) e=00%H4E GEV RRWIEE)

case 1) When e = 0 (when there is no error)
1.0 o
P=| 0 1.0]
H4—-5k0,
From Equation 4-5,

H(Y) = —{p(1 —¢) + (1 —p)e}log{p(1 — &) + (1 — p)e} — {pe
+ (1 -p)(A —¢)log{pe + (1 —p)(1 — &)} = —plogp — (1 — p) log(1 — p)
= H(X)
X4 —-6X10,
From Equation 4-6,

HY|X) = —€loge — (1 —&)log(1—¢)=0
LT, IX;Y) = H(Y) — H(Y|X) = H(X)
DFD, BEIZXDERELZES>TND I &I D,

This means that the complete amount of X information can be received.

case 2) &= 05DFE

case 2) When ¢ = 0.5 (when there is no error)

0.5 05

P= [0.5 0.5

X4-5%0,
From Equation 4-5,

HY) =—{p(1-¢)+ (1 —p)e}log{p(1 —¢) + (1 —p)e} — {pe
+ (1 -p)A—¢)loglpe + (1 —p)(1 — &)}
1 1 1 1
=—{Ep+5(1—p)}log{§p+§(1—p)}

L la )}1 LSS POURNRS WU SO U PO B
{zp 2P Og{zp 2 p}_ 20977299, =

7 2020-08-20



R4—6L0,

From Equation 4-6,

l — 1 log l =1

2 2 2

THY. IX;Y)=HY)—H{YIX) =0, 2F Y EEHMITITBETE R,

So, I (X;Y)=H (Y) -H (Y | X) = 0. In this case, actual communication is impossible.

1
H(Y|X) = —eloge — (1 —€)log(1 — ¢) = _Elog

Bl4a. 3 LITOBEBOBEREREEZRD X,
Example 4.3 Calculate the capacity of the channel.

(HERE4. 7)
Bla. 4 LUTO_tAHELEEKROBERERZRD X,

Example 4.4 Calculate the capacity of the binary erasure channel.
(K4. 7]

ANTNAVZ 7 Xy hEVSHATAV T 7 Xy b 2£L T 5,
R EH S (Soft decision decoding) & HLIEIEN S, (Y
4. 3)

We have more output alphabets than input ones. It is also

called soft decision decoding. (See Exercise 4.3)

4. 4 BEBRFSL

4.4 Channel coding

R 2T 5k

Strategies to reduce error rate are,

(1) ez/h&<7T5%, SNZLETFD,
(2) TREZET,
. VE-a — > B YR LoD TILBERER T35
FELCIRET S —>@BEEEEZ T FICIREZETHERDD (Vv /
> DF 2 FEH)
8 2020-08-20



(1) Make e smaller. ex. Increase S/ N.
(2) Increase redundancy.
Repeating -> Simple repeat decreases the transmission rate.
Coding tricks -> Shannon’s second theorem (Channel coding theorem) indicates

increasing redundancy without reducing the transmission rate.

(Mo~ 71%) MoK LRI X LT, R ENMET T2, BHREEHER BIKTT 5,
Simple repeating reduces the error rate, however, does the transmission rate according

to the number of repetitions.

FHEWNTRRY OIRVBIE L  RERFZENRoTC L LTHBOBEEIC AL RN S I
T5, TRb5L, TROBEEAELLRWVWEIZT 5,
Substantially error-free communication: Even if the transmitted code word is incorrect,
it should not enter the adjacent area as shown in the figure. It can be achieved by un-

overlapping.

[K4a. 8] AS H A

-—
_
—_

—_—

TiE, BERL20WE 2T 51I2i%?

[

How to achieve it?

—

XDOFTRTCOFFFEEEZFE > OTIERL . FIEHITHEH,

Use sparsely, rather than all X code words.

WIS, HANDEBESNDATIN 1 DI D L HIcT 5,
Instead, the input inferred fromd\thé output should be dhe/)

-
—_
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CEEBASOER] (Vv /) o OF 2 EH)
WEBEENCOF, HFHRGESHERIR < CTHNE, EEDOEOKeTH L, FEidh R
P,IRP, < e 2 DR 5ALIMFAET D,

[Channel coding theorem] (Shannon's second theorem)
When the channel capacity is C and the information transmission rate R is R <C, there

1s coding where the error rate P_e is P_e <e for any positive number €.

GERD) W (HREE L)

(Proof) See Supplementary material 1

4. 5 X*othoBE+ S

4.5 Other related topics

[ % ) o= — KL —DER]
EIEROEIEZHHz), ZERESEESW), HTEHIENW) L5 L, ERTRE &

KIZEHER (bit/sec) i, LLF TR I D, ZRIR L

[Shannon-Hartley theorem] aER

Assuming that the bandwidth of the fES#E T ™~ TyAR—7
.. . . . [a2.h7 1 // N

transmission link is H (Hz), the received '@ *P / \

signal power is S (W), and the noise /

power is N (W), the maximum 1

achievable transmission rate R (bit / sec) \

is expressed as follows. pr— EFE

band width

10 2020-08-20



R=Hlog2(1+%)

INEVY ) UEE, BOHWEIVY ) VOERERBTLI LB D,

This is sometimes expressed as Shannon capacity or Shannon's theorem.

HARBY 72 47 10

Specific bandwidth

4 LAN 20MHz-80MHz
LTE 5MHz. 10MHz, 15MHz. 20MHz
Y7 7 AN THz

11 2020-08-20



EHEELMI F£5F RBRYUITERE
Chapter 5 Error Correction Code
2021/12/7 TR ED

WAk
- 5 4 T Chm LT @E B S b O BRI 2 FliE 255, BA v M3 off 5z HEL
ZDILO—E (MLPORMFENMTZ TR 25 28 Tho, OLREZHET)
CFFEREEN 7 P E LTI ik BB b ), MaiheZHAATHo Hik (B6w) %

s NUT 4 FFm N

141

I
Points

- Learn the specific method of channel coding discussed in Chapter 4. The point is to
prepare many code words and use some of them (code words that satisfy some conditions).
(Increase redundancy)

- Learn how to handle code words as vectors (Chapter 5) and how to handle code words
with polynomials (Chapter 6).

- Parity code, Hamming code

5. 1 ZEp

5. 1 Introduction

5. 1. 1 ®MVETIEDNIA
1) k5 R U SR e iRLTED
2) REME N ZE LIt REMNCIRE L CEERITRE T 5, 20 A dbiud
HiET 5,
j:%?; ) BEMEEER 50 (ARQ; Automatic Repeat reQuest) Z 5 T2V % L/\
D DHAIUTTFEEZERT D,
5.1.1 Error correction methods
1) Repetitive method: Send the same code word repeatedly
2) Loop checking method: The received code word is returned to the sender and check
the identity by the sender. If it finds an error, resend the word.
3) Automatic repeat request method (ARQ): The receiving side detects an error, and if

there is an error, requests the retransmission.

ACK 5l #EMITRE#R A~ 2 EBT 5, ZEMIX., ELIZETELLET
ACK(acknowledgement)# £ %, 8- G I3 b2 H 720, EEMIE. ACK 233% 72 5k
DR FeEx kD, A BN O HEMFZEEZEET D,

NAK F5: ZEME, ELSZETEEEAIIMLEL RV, o TV HEX

1 2023-07-26



NAK(Negative ACK) & 1% %, 2EMIIE NAK #Z FTH S 2 W RV RO 5384 55, NAK
DRI B HET D,
ACK & NAK OIS X W IRWBZNNE, 1 % —x v M Selective ACK J77(,

@K method: The transmitting side activates the timer after transmission of a code
word. The receiving side sends an ACK (acknowledgement) if it can received the code
correctly. Otherwise, it sends nothing. The sender sends the next code word after an ACK
arrives. When the timer expires while waiting for the ACK, the sender sends the code
word again.

NAK method: The receiving side sends nothing if it can received the code correctly.
Otherwise, it sends NAK (Negative ACK). The sender sends the next code word unless a
NAK is received. It sends the code again if NAK arrives.

More sophisticated discussion is required if we use ACK and NAK. The Internet uses

the Selective ACK method.

jj% 4) FEC (Forward Error Correction)

B ITEGFEIC LT, 1m1ﬁl75>-ﬁ”‘é

5) Bz EZ D

4) FEC (Forward Error Correction)

The receiving side corrects using error correction code.

5) Others

5. 1. 2 M= % m

FERD X 5 I % b o T 5 a5 L PR, [ : ‘ \
(5. 1] (n k)5 FIRE v~ REEYH
fFefn, HWE Y bk, REEE Y bm=n—k L Y J

£, M TOFTEHERObDET R Y I L n

5.1.2 Systematic code 631 C=c1c265 011

A code having a structure as shown in the right figure is

called a systematic code. 10

Fig. 5.1: (n, k) code

Code length n, information bit k, check bit m = n-k 0 —

Among the systematic codes, those having a fixed length are , :
called block codes.

F5. 1 G2/ mbLMEHZR YT (/5
2 2023-07-26



s C=fF7ikCDEA € ={000,011,101,110}
[K5. 2]
TFHREC = cicc5 £ T DL, c3=c+c & 7o T D,
HIHEMAFRELFI(XOR)

0+0=0 O0+1=1 1+40=1 1+1=0
INEE2ICETOME & HIES,
(SB+HT, R S 220 R Y Jepim B2 R4 2 L & 9°5)
=0 +clE, ¢+ +c3=0E%MTH D,

Example 5.1 (3,2) code: The simplest parity code
Code C = set of code words C € =1000,011,101,110}
FIG. 5.2.
If the code word C = c¢;c,c3, then ¢3 = ¢ + 5.

+ means the exclusive OR (XOR)

0+0=00+1=11+0=11+1=0

This is also called modulo 2 addition.
(From now on, + represents the exclusive OR unless otherwise specified)

Note: ¢3 =c¢; + ¢, isequivalent to ¢; + ¢, + ¢3 = 0.

=]

5. 1. 3 NIUTA4%=
5. 1DOFHRE Y hEEEL L THEET 2,
TiL, HHle >y ]\a5 a, az ap W21 @*ﬁﬁgﬂ%al MU R b O 54525
A %o BRFTREOR T 1 ORMMEEIT/2 D KO ITHT 5, T7bb,
X

]

N b DD, TENT 4 LIRS,
FTRTOfFFERT, [£5. 1] L7225,

(B MALSEZEBITHET 2L 85050, —>AIVI/F5)

5.1.3 Parity code

Let’s expand Example 5.1 by increasing the information bits.

Here, consider a code having a code length of 5 in which one check bit a_1 is added to the
information bitsa_5a_4a_3a_2.

Each code word is configured as the number of symbols 1 of the code word be even.
abt+tad+ad+a2+al1=0

This is called parity code. All code words are shown in [Table 5.1].

(Advance: What happens if we have more check bits?-> Hamming code)

3 2023-07-26



£5:1 BE—RBYBRHGATSOH

_ a5a4a3¢12a1 ac Qg4 asa

(bs by bs by by) = (1001 1) ZZIE LI 5, Mo[o[o[o]o TTololo1]
bs + by +bs+by, +b, #0 FEYERHTFTEE, ? 10010
T c s - /00101 10100
1y FEVERHFRE, 2 ¥y PV IIBRHAFIEE, #[lolol1l1l0 ilel1l1l1
ﬁ 01001 11000

. 01010 11011

Suppose that (b 5b 4b 3b 2b 1)=(10011)is ol11lolo 110l
received. 01111 11110

SEHER 16FRBIOSLIFT

b5+b4+b3+b2+Db1 # 0 Thus, error is
detected.

1-bit error detection is possible, while 2-bit error is not.

5. 1. 4 NIV7HEEL R/ TR
L. 2O0/5FE,. A= (a,a,05 ...a,) &B=(bb,b;..b,) %HHEZD,
&y MEOEEZMAE LIbDENI v 7 IEHEL S,
d=Y",(a;—b) T=FEL. ZZToOMEITHHMAORERMCIXR2BFmETH 5,
%) A=(00011), B=(01101) d=0+1+1+1+0=3 ZIZT, HIEE
DEFME LR,
5.1.4 Hamming distance and minimum Hamming distance
Now consider two code words, A=(a_1a 2a 3..anandB=(b_1b 2b 3..b n).
The sum of the differences for each bit is called the Hamming distance.
D=2 _(i=1) "n(aib i
Note that the addition here is not an XOR but an arithmetic addition.
Example) A=(00011),B=(01101)d=0+1+1+1+0=3 Here, + indicates

arithmetic addition.

ELL Bof= Bof: ELWL
“2 5. 3 ) HBE FEE HEE HEE

A@Q— O—O—@®B 4=3

4 2023-07-26



HHICEEN BT TORREMONI Y THHED 5 5, BhobO & RN v

B (R/ERRE) & RS, (01111)
d . , _~_ 2 (00101)
The minimum Hamming distance between all the code ’,
d =,3' \ o
words included in the code is called the minimum ‘ / 4 ;\ 3 ’d ‘_ S
Hamming distance (minimum distance). . 2 d ;\\5 8
- ’:I/ ' \:::‘: : dmin:2
@ L ',‘,Z’ (11010)
d =‘§~~~.‘:;“"d =2
(10011)
[M5. 4]
—IZ,
s I/ DEBEd i, = d +1 DL X dBLTORR Y RS ATRE,
[K5. 5] ex) dpn=3 d=2
2 LT ORR Y frH AT BE R REA
e O—OC—@
Generally,
- d_min > d+1, error of distance d or less is detectable.
[Fig. 5.5] ex) d_min=3 d =2 2 or less error detection is possible

s I/ NEBfEd i = 2t 1 DL & LU FORE Y FTIED ATRE,
[K5. 6] ex) dpn="5 t=2
2 LA N OFR Y FTIEATRE STER  ETEA  FTER ETER
C BNEEEd, . > t+d+1 d>t) nrx, O O—O—0O—0O0—@
tLL N DR FTIE & dLL T OFR Y F i 23 AT RE, = = b
[K5. 7] ex) dpn=5 d=3t=1
1RV ETIERHE, 2 « 372V M FTEE

STET e RET FTER
& O —0O—=O O ®

s

- When d_min > 2t+1, error of distance t or less is correctable.

[Fig. 5.6] ex) d_min=5t=2 2 or less error correction is possible

- When d_min >t + d + 1 (d> t), error of distance t or less is correctable and error of
distance d or less is detectable.

[Fig. 5.7l ex)d_min=5d=3t=1 1 error correction and, 2.3 error detection are possible

5 2023-07-26



5. 1. 5 vk s

5
| =

IRRE W

C ARV, FTIEOREA S &V, R/ DNEREEA R E W,
c RV MR, FTIEOWLENK S,

5.1.5 Good (n, k) code
Code efficiency, k / n is large.
High ability to detect and correct errors. The minimum distance is large.

Easy error detection and correction processing.

5. 2 NIVIHKE
5. 2. 1 =
+ 1950 H{Z L Richard Hamming (2 X > TRE I L7,
- N T g A LILRE, MERLSAERICL, B—RRVUETEAL L T 5,
- FEE n=2m-1
- RREE Y ML m
fHFHREY N k=n—-m
- BobEEEE 3 (H—FA Y ETIEWRE
- FUeErOREE D R, WERR S, ~— R =71k,
- GDHFE, (1, V%5, 5,105, (31,2085 %
- B A £ Y ECC
m=7 (127, 120)->1 v v ML E-> (128, 120)—>E#EL->(72, 64)8 /A kAL TR

5.2 Hamming code
5.2.1 Overview
Invented by Bell Labs Richard Hamming in 1950.
Expanded parity check. Multiple check bits enable single error correction.
Code lengthn =2 * m-1
Number of check bits is m
Information bit k = n-m
- Minimum distance is 3 (single error correction is possible)
+ The mathematical structure is clear. Easy to process by hardware.
(3,1), (7,4), (15, 11), (31, 26) , etc.
6 2023-07-26



ECC for computer memory
m = 7 (127, 120)-> 1-bit extension -> (128, 120)-> shortening-> (72, 64) (can be handled
in 8-byte.)

5. 2. 2 NI UTHEO BTG

[#5. 2] NI 70, DF=E £5-2 B—8YITENIVY 7,4) BEOHI
TEHRE > ba, ag as as a7 Qe As A4 A3 A3 Ay a; Qg A5 A4a3 Ay Aq
000O0O0O 0O 1001011
HE> ba, a, a
= v has az 0000111 1001100
0011001 1010010
0011110 101010 1
5.2.2 Example of Hamming code 0101010 1100001
, 0101101 1100110
[Table 5.2] Humming (7, 4) code
Inf ion bi 1 26aF a3 0110011 1111000
nformation bit a_/ a_6 a_5 a_ ol1l1lol1Tolo IEREREIRIEAE

Check bit a4 a 2 a_1

FFaALHL A
This example has the following coding rules

a7+a6+a5+a4 =0
a; + ag +asz+a, =0
a; + as +az +a; =0

FOX%E, u=(a,a0a5a,a3a,a,) LT, UTFOXHIZFEABTE 5,

The above equation can be described as follows with u= (a7 a6 a b
adala?2al).

(a; ag as ay az a, a;) =u-HT =0

SooRr R, R, R
oORrR R OoOOR R
P OROROR

=77 L.
7 2023-07-26



, Where

1
H=[1
1

HEEE=0000111) X7 hLEEZD,
Codeword = 00001 11) We think of it as a vector.

[ RIS NEN
_ O =
(I
e =]
oo

=]
N——

g FEaEORE N7 RVZER

Code = set of codewords = vector space

u=(a7a6a5a4a3a2a1)=(0011001) %_) % 1% [_/ N V=(b7b6b5b4b3b2b1)=
(011100 D) &EXFELILET D, FFEBANCIRS L TUF2E5ET 5,

Whenu=(a7a6abadald3a2al)=0O011001) was sent and
v=(bOTb6b5b4b3b2b1) =@O11100T1) is received. Then,
we calculate the following according to coding rules:

The above equation can also be written as fol lows.

FoXE, UToX b+ 52E 6 TE 5,
s=0(845,5) =v-HT = (b; bg bs by b3 b, b)) -HT = (110)

FFALHBNC LU, v E LW EEER HIE, s = (54 5,51) =(000) £ 72 51T ThH 5.
Ll 201386700, (o T, BBUDBHLZ bbb, s v Fue—LEMNS, £
oo HiZ, BRODBHLNE D NEmET 2175 Th 572, REITHIE TS,

(ZOBITIE, s=(545,5)=(110)=6THY, b iRV THDHZI LERETEDHNZ Z
TIEEWTEL)

According to the coding rules, if v is the correct codeword, then s =
(s.4s_2s_1) = (000) should be. But this is not the case.
Therefore, we find that there is an error in v. s is called Syndrome.

8 2023-07-26



Further, H is called Check Matrix (or Parity Check Matrix) because it
is a matrix for detecting the errors

(In this example, s = (s.4s2s 1) = (110) =6, and we can
determine that b_6 is incorrect. We will see the reason later. )

5. 3 BEH/E

5.3 Linear code

5. 3. 1 MEHRmOLOORE, &, K
A5G, R, FaBzrd,

5.3.1 Group, Ring, Field for coding theory

Let us consider the set G, R, and F.

1) Bt group

s HLEAGCGOTICK LT, —DOHBEONEHZESNTND

AT OSEMETHTZ TR, GEREL S I,

G1 (PAZEM) : GOMEEDIL a, bIZx LT, aObiZGDILTH D,

G2 (#EAHD : GOEEDIC a, b, ciZx LT, (@0Ob)Oc=aObOc) ZiiiT=7,

G3 (tH%I0) : GOMEED I alzxf LT, aOl=IOa=a 725 1 ([E%7L) BGITH D,
G4 (ML) : GOERTOILallxf LT, a0a’ =a’ Qa=I 725 a’ (WL) BNGITH D,

1) Group

- One operation O is defined for all elements of a set G.

- When the following conditions are held, G is called a Group.

G1 (closure): for any element a, b of G, a O b is an element of G.
G2 (associative law): For any element a, b, cof G, (@a O b) Oc=a
O (b O c) is satisfied.

G3 (identity element): For any element a of G, [ (identity element)
such that a O I =1 O a=a is inG.

G4 (inverse element): For all elements a of G, there is a (inverse
element) in whicha O a=a O a=1.

1—1) MR
CBEG DB+ Th o7 b X . NI L IFS,
9 2023-07-26



- [EZE5C 1=0, Wioca’ =—a ERBLT D,

1-1) Additive group
- When the operation of the group G is +, it is called an additive

group.
— Identity element I is 0 and inverse element a' is —a.

1—2) 7—~ULgE

s BEGNG 5 AT HE, T —ULRE & D VT AR & RS,

G5 (ZH#aH]) : GOIEED T a, b lzx LT, aOb=bOa #ii7=7,

1-2) Abelian group

-When the group G satisfies G5, it is called an abelian group or a

commutative group.
G5 (commutative law): For any element a, b of GG a O b=b O a is

satisfied.

1—3) #i

CFEHTRTOES., TR TOEEOESITIMEHTHY T —LFETH D,

- G=10 111E, UTOHEFE+ (ZNZE2OTONMELIES) OTLTT —ULEHETH D,
0+0=0 0+1=1 1+0=1 1+1=0

1-3) Example
- The set of all real numbers and the set of all integers are additive

groups and abelian groups

- G=1{0 1} is an abelian group under the following operation + (this
is called addition under the modulus of 2).
0+0=00+1=11+0=11+1=0

2) IR ring
- HOLEAROTITH LT, ZHo0HE I+ Rk ) NERSN TN D,
U TOSRMAETTZ TR, REZBRES I,
R 1 (IERD) : RIZINEDITLTTY —VEETH D,
R 2 (PA%EM) : ROMLEDITLa,bIZKL, a*bIEIROTLTHD,
R3 (#ESHD : ROFEEDIEa, b, c ikt L, (@+b)+c=a- b )ALV LD,
10 2023-07-26



R4 GEcH]) : ROEED T a, b, cliZxfL, a(b+ce)=a-b+a-c BLOY
(a+b) *c=a - c+b+c ALY D,

2) Ring

- Two operations (addition + multiplication-) are defined for all
elements of a set R.

- When the following conditions are held, R is called a Ring.

R1 (additive group): R is an abelian group under additive.

R2 (closure): for any element a, b of R, a = b is an element of R.

R3 (associative law): (a-b) ¢ =a- (b-c) holds for any element a,

b, ¢ of R.

R4 (distributive law): for any element a, b, c of R, a- (b +¢) =a-+b
+a+cand (@a+b)-c=a-c+b-c hold.

2—1) wfig

- BER SR 5 72T RE, RIHAER & RS,

R 5 CGREIEICEAT2HH]) : ROEEDOTLabiZxt LT, a-b=b-a &7,

2-1) Commutative Ring

When the ring R satisfies RS, it is called a commutative ring.

R5 (commutative law over multiplication): For any element a, b of R,
a b=>b-a is satisfied.

2—2) RRER
BBy 1T LT, Er ICET2BEORRES (1012, r-1) (T, Er B350
EERIEOL LB Z Y, THERIRER LIPS,

2-2) Quotient Ring (Residue Ring)

- For a positive integer r, the remainder set of integers under
modulus of r ({0 1 2 ,,, r-1}) forms a ring based on addition and
multiplication under modulus of r. This is called a quotient ring.

2—3) #i
- R={0 1%, LAT oA+
0+0=0 0+1=1 1+0=1 1+1=0
11 2023-07-26



BIXOLUTOFREOCTAHETH S,
0-0=0 0-1=0 1-0=0 1-1=1
RIZIE2DRIRREEZDZEHLTE S,

2-3) Example

- R =1{0 1} is a commutative ring under the following addition +
0+0=00+1=1T1+0=11+1=0, and under the following
multiplication

0 -0=00-1T=01+-0=01+-1=1.

R can also be thought of as the quotient ring under modulus of 2.

wWRE2—4) 457
BERROHDES IPIMEDOL EICROEZEETHY . JOEEDITTa EROIEEDILY D
Fa-r D ]JDOLTHDHEE, JERDAT TIVERES,

Supplement 2-4) Ideal

- When a subset J of the ring R is a subgroup of R under addition and
the multiplication of any element a of J and any element r of R, that
is, a-r, is an element of J, then J is called an Ideal or R.

3) 1K field

- BOLEEGFPUTFTOFM AT, FAkEE I,
F1:FIX#ERTHL,

F 2 : FOOLSDITOEEG D RIEREZ 2T,

- FRRES DR EZAHIRIAE 721380 v 7K (Galois Field; GF) & FES,

3) Field

- When a set F satisfies the following conditions, F is called a
Field.

F1: F is a commutative ring.

F2: Elements except zero of F forms a multiplicative group.

- The field of a finite set is called Finite Field or Galois Field
(GF).
12 2023-07-26



3—1) fl
- B AR TOHES, EEITXTOES, BEET X TCOEAITENZENRTH D,
- F={0 111X, DL FohniE+

2
- 0+0=0 0+1=1 1+0=1 1+1=0 + 0 1 * 0 1
BLOLLFORE - 0 | 0 ] S I
1 1 0 1 0 1

0:0=0 0-1=0 1-0=0 1-1=1

DT, Kb, Tz u7T ik GFER) LIS,

"pERBETH LT IEp ICHT HBEHORROEE{0,1,2,,,,p — 1HE, i p (ZBT 20
ik L RIEO IR GF(p) & 727,

3-1) Example

- The set of all rational numbers, the set of all real numbers, and
the set of all complex numbers are fields

- F=1{01} is a Field under the following addition +,
0+0=00+1=11T+0=11+1=0,

and the following multiplication,

0 -0=00-+-1T=01+-0=01+-1=1

The field is also called Galois field GF(2).

- When p is a prime number, the set of integer remainders {0,1,2 ,,,,
p-1} forms Field GF (p) for addition and multiplication under the
modulus of p.

5. 3. 2 XU MVER LR
GF(©2) LDita; a; €GF(2) <—%%, {0,1} & + - oK
GFQ2) EDOtonit 55 a = (a, an_1 -+ a1) a; € GF(2)
ZDREINE T ML E RS,
FLEAE2MES D, TNHLEBERETIHERELNY MZER LRI ZTRRUERRT S,

5.3.2 Vector space and code

We consider an element, a_i on GF (2) a_i € GF (2) (In short, {0, 1}
and + - operations).

Then n symbol string on GF (2) a = (a_na_ (n-1) ~a_1) a_i € GF (2)
is called a vector.

There are 2 ~ n symbol strings. The set of all elements is called a

vector space expressed as U.
13 2023-07-26



[K5. 8]
Figure. 5.8.

RNONILVZER U

a1©
NP =FFEEE

a€elU beU ceGFREEZD,
a=(apan-1 = a1) a; € GF(2)
b = (bn by—q - b1) b; € GF(2)

ZIT, MEMELUTOLSITERT D,

Let us consider a € Ub € Uc € GF (2).
a=(ana_(n1) ~a.l) ai € GF (2

b= (G.nb_ (1) ~b_1) b_i € GF (2)

We define multiplication and addition as fol lows.

B ca=clayapq - ar) = (cay can_y - cay)

multiplication ca = c(a, a,—; =+ a;) = (ca, ca,_, *+* ca,)

l a+b= (an ap-1 = al) + (bn bn—l bl) = (an + bn p-1 t bn—l e ag + bl)
addtion a+b=(a,an,_1 - a;) + by by_q =+ by) =(ap+b,an_1+by_q - a; +by)

X7 AR blug,uy,-ewy OFIEREG. TRD5H u=qu +cuy + -+ gu, T
bbHLx,

G~ N TRTO0 & u=0
ROIE, u~up ML THD LV D, o, up~u ZEEENT Frin g,

When a vector u is a linear combination of vectors u_1, u_2, ---u_k,
that is, u=clul+c2u?2+--+ckuk, ifthe following holds,
ul " uk are said to be independent. Also, u 1 ~ u k are called basis
vectors.

c1"ckareall 0 u=0

14 2023-07-26



M KF 5L, nEy hOFFEFED I B k
HOIEERY ML OIS RSN
BEimax 05, T72bb, 2MEDOnE >
NOFEFED H B, 2MEZ T E VWD,

RNORILVZERE U
nEvhTRBESNS
HEESE 2ME

BB ZERU, :(nk)FFE
u,~u, DEFHHEES 24E

(n, k) code uses the codeword
represented by a |inear
combination of k basis vectors
among the n-bit codewords. That
is, only 2 °~ k out of the 2 ~ n n-bit codewords are used.

(5~ 9) n 7\\

—\2"1@
2M&E —

g~y DHTEHE R Ko TEZEMUNER SN D Z & &2, EERY b lwg~wy 2522
MU Z5k5 . ERIT D,

The fact that the subspace U s is generated by the |inear combination
of ul " uk is also said the basis vector u_1 ~ u_k span the subspace
U_s.

HE A%, N7 Mu R Exu ERBLT 5,

5. 3. 3 AEITHIEREITY
5.3.3 Generator matrix and Parity Check matrix

EEMNE, EDREERE Y MxITEFATHICEZ T T, FEFFiHuz RD D,
Sender side calculates multiplication of information bits x and
generator matrix G to obtain the code word u to transmit is obtained.
15 2023-07-26



u=x-'G6G
—J5. ZAEMNTZAE LT 5iEvil MBI THIH 2 fE > T v Ra—Asa R, si30 ThH
LN ETRD,

On the other hand, the receiving side obtains the syndrome s from the
received codeword v by using the parity check matrix H, and checks
whether s is 0.

s=v-HT
S = 0%@%6?%&@ Z}§7L£I/\O (u.HT — O-,C“&)é)
s#F0RLITRVBH D, (SHICZThZMNTHY ZFTETE 5 AREERH D)

If s =0, there is no error. (U'H"T=0)
If s # 0, there is an error. (Furthermore, this may be used to
correct errors)

5. 3. 4 N7 50H)
5.3.4 Example of Hamming (7,4) code

1) 5. 20BN/ 4172 RO ML ET S, BOHIE—HEY TlEew)
1) Select 4 independent rows from Table 5.2 and set them as a vector.
(There are several ways to choose independent rows.)

u; =(1001011)
u, =(0101010)
u; =(0011001)
u, =(0000111)

16 2023-07-26



OB EFEIL, up~u, DFIERES TREANAHE, 7.
U ~U TN TH Y | ug~uy [ TFEERT S TH S,
u~u E IR S LIE RSB0 UL, (1O 5%
Kk %, [M5. 10]

Other codewords can be represented by
linear combinations of u_1 to u_4. u_1 "~
u_4 are independent, and u_1 ~ u_4 are
basis vectors.

The set of codewords U_s, which is a |inear combination of u_1 to u_4,
is the (7,4) code. (Figure 5.10.)

2) EE
LAY VBRI ATEIDNERATH & 72D Bt OBl v 7 (1,05 5 DERAITHIG
X, LR &5,

2) Sender side

Sender side uses a generator matrix that includes the basis vectors of
the code. For example, the generator matrix G of Hamming (7,4) code
in the above mentioned example is as fol lows.

G =

o O O

0
1
0
0
x

R oOoORr OO

HHE Y bx = (x4 %3 L&, EDOREGERBuE ., u=x G CERT S,

When sending an information bits x = (x_ 4 x 3 x_2 x_1), the codeword u
to be sent is generated by u = x-G.

B x=(1011)
Example) x = (1 01 1)

1 0 01 0 1 1
. o 10101 0)_
u=x-6=(1011) 001100 1 —(][ }u3+u4
0 0 00 1 1 1

17 2023-07-26



3) i
#5. 20/ LHAING . MEITHIHIZLL T TH 2.,
3) Receiving side
From the coding rules in Table 5.2, the check matrix H is as fol lows.

1111000
H=(1100110>
101010 1
vEZETDHE, s=v-HIIZK D v Fa—a%RkH D,
When codeword v is received, the syndrome is calculated by s = v-H ~
T.

Bl v=(1110101)DKs
Example) x = 1110101)

1 11

1 10

1 01
s=v-H T =(1110101)-|1 0 0 |= (:]0

0 1 1

0 1 0

0 01

WoT, BODRBHLZ ENGND,
Therefore, we can tell that there is an error.

4) HRATAIG L ATTSIH OB
HL, MOPEZ ST, EEHuE ZEFvE—HL T
s=v-H' =u-H ' =(x-G)HT =x-(G-HT) =0 forany x
LD, WS TG-HT =08705 K HI26. HEMRT 5,
(—AIZIZ, HDBG6E RO 25613, HEATHAZ L Reduced Row Echelon Form %
Ko, BEBOIEERT MAPLCEED D, H= (AN [NTHEAATINOERDEEIZLY
fHIRO BN D, MEEE 2 HEER 1 ZFRATEHRO TR LT V)

4) Relationship between generator matrix G and check matrix H

If no error occurs and the sent word u and the received word v are
identical, then,

s=vH " T=uH"T=xGUH"T=x- GH T =0 for any x.

Therefore, G and H are configured so that G-H ~ T = 0.
18 2023-07-26



(In general, for example, when finding G from H, H is transformed to
find the Reduced Row Echelon Form by elementary transform.

G is obtained from the basis vectors of the null space of H.

If H has the form of H= (A|I) [I is the identity matrix], we can
easily find G. See Supplementary Material 2.

5. 4 NIVIHEFHM— IV T (TAFEEHI—

BIAE AR L

5.4 Hamming code details -Specially for Hamming (7,4) code-
See Supplementary Material 1.

5. 5 BEFEOILRDER
5.5 Further discussion of |inear code

5. 5. 1 /iRl E R/ NEA
5.5.1 Minimum distance and minimum weight

1) ~"IvrEse
fFaiEzu=(a,anq - a;) &35L%, 0TV ENIVIEARL N,

1) Hamming weight w
When the codeword is u= (a.na_ (n-1) ~ a_1), the number of a_i that
is not 0 is called the Hamming weight.

2 ) H%/J\E%mein
TR UDEF5EE (§T0DEUMN) T, mNDOANI VYV TEAZUDR/NER L NI,
) £5. 203774 5DOHE/NERIT3

2) Minimum weight w_min
Minimum Hamming weight of all codewords in code U (other than all 0
words) is called the minimum weight of U.
Example) The minimum weight of Hamming (7,4) code in Table 5.2 is 3.
19 2023-07-26



3) NIV lfide N v I EARo
wlu, D IV IR, u —uy, D IV TEHEAICEL D
Bl wy, = (100). u, = (001) BEEEIZ 2, uy —u, = (101), EHAIF 2,

3) Hamming distance d and Hamming weight w

Hamming distance between u_1 and u_2 is equal to Hamming weight of
u_1-u_2.

Example u_1 = (100), u_2 = (001) Distance is 2. u_1-u_2 = (101) whose
weight is 2.

4 ) H%d‘ﬁﬁ%ﬁdmm & E%/J\E Jfa)min
R 7 P NVERU DTS REM O R/NEEZ d . UDR/NES Z W& 35 L.

Amin = Wmin

4) Minimum distance d_min and minimum weight w_min

If the minimum distance between codewords in the vector space U is
d_min and the minimum weight of U is w_min, then,

D_min = w_min.

[FERA]
[Proof]

0) HEfig

UDIERZ b Vv Zuy~u & 5%, UDFFSaEv 13, UTO XS IcRBTE 5,
k

Vi = Cj Uy + C Uy + o Uy = Z Cip,Um €U

m=1

T2, UD 20D 5, L0 R L 2UDEHETH L, Thbb, v —v €U

0) Preparation
Let u_1 ~ u_k be the basis vector of U. any codeword v_i of U can be

expressed as fol lows.
V_i =c_ (|_1) U_1 + C_ (|_2) U_2 + -+ C_ (l_k) U_k = Z_ (m = ]) h k

Also, the difference between two codewords v_i and v_j of U is also a

codeword in U. That is, v_i-v_j € U.
20 2023-07-26



1) %, vy kv, % i/ NfEd L TV 2 TR L

T ) o Y1 %/J\Eﬁgﬁdmin V2

1) Now, let v.1 and v_2 be codewords
that are separated by the minimum
distance d_min.

V3=V — 1

V3 v3DEH® = Wnin

min = vy — V| = |Z Ci,Um — Z szum| = |Z(Clm - sz)u"J = Z(Cl’" — sz)

Va3 =V1— V2 &:?’Z) t‘ U3 € U‘f\béz))g‘ VU3 =Z$n=1c3mumt§%fﬁf‘g Z)o

If v.3 =v_1-v_2, then since v.3 € U, so it can be expressed as v_3 =

Y m=1) "~ (c_ (3_m) um) .

k Kk k k
U3 = Z C3,,Un = Z CiUm — Z €2, Um = Z (C1,,, - sz)um.
m=1 m=1 m=1 m=1

v DEAIZ, LUFER5,
The weight of v_3 is as fol lows.

k k
w = E C3, = E (Clm - CZ,,.) = dmin
m=1 m=1

W Wi A ETH D DT, dpin = ® = Wpin
Tt}:b -6 N dmin = wmin %/J\E%mein
U3

Since w is greater than or equal to w_min,
dmin =w 2 w.min +
That is, d_min 2 w_min

Eﬁ%ﬁd 2 dmin

2) v 3N ER O 2RO SEL T 5. 727 Livg #
v3 - v1 - vZ

0
2) v_3 is a codeword with the minimum weight w.min. v.3 # 0.
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k
V3 = Z C3mum
m=1

f}—:EOVC\ wmin=Z$n=1C3m ‘/C\‘%%o
—‘75‘\ U3 =U1_172 ktﬁ%vl, 1727537?&'?—50
Thbb,

k k k k
U3 = Z €3, Um = Z C1,,Um — Z €2, Um = Z (C1m - sz)um
m=1 m=1 m=1 m=1

X oT,
C3m =C1m_C2

v v, DEFRE d 13, AT &7 5,

m

Therefore, wpm=Yk-1c3, .
On the other hand, there are v_1 and v_2 such that v.3 = v _1-v 2.
That is,

k k k k
U3 = Z €3, Um = Z C1,,Um — Z €2, Um = Z (Clm - sz)um
m=1 m=1 m=1 m=1

Therefore,

C3m = Clm - sz

The distance d between v_1 and v_2 is as fol lows.

d=lv,—v,| = |Z C1,Um — Z szum| = |Z(C1m - sz)um| = Z C3,, = Wmin

. X X (01111)
did. dpn A ETH 2D T, dpin < d = Wmin d=2a. ’ d=2 (00101)
FTHbb. dnin < Omin e e
[ S L 473 afbs
Since d is greater than or equal to R dff
. . . \ /’/ .- min
d_min, d_min £d = w.min @ . ’(11010)
. . . e d=2
That is, d_min < w_min a=5 ‘i
(10011)

3) 1) 2) kb, Amin = Wmin
3) From 1) 2), d_min = w_min

5. 5. 2 F/hEREEORD
5.5.2 How to find the minimum distance
22 2023-07-26



1) ARATHIGH 6K 5,
dmin=(umin cl: D\ Wimin 7:7)6*&) 6“50
P Ly GO Wy, TR EENH 3 L 5 A TR 5.,

1) Obtain from the generator matrix G.

We can obtain from w_min from d_min = w_min.

Note that G must contain a codeword of w_min. If it does not,
transform G by a linear combination.

2) BMEITFIHMNHRD 5,
HDHNRT "L TINE 72 DD B3RO B,
HOBIRT7 by (5 ET5) #2525,

(» éWN7FW®¢W%¢%@®WN7%W%WDm¢O:@éﬁﬁébﬁ(apﬁ

D) ORITHIEREBRR b OBRHIUE.  dpm < dpm
2 &FX7 SNV OFRNDL dy— HEOFIRZ FLETRY T, Zoefiisbt

(" )BY) BFSTHIROE,  din 2 diy
B MLV DX 7dy RO ONIUE.  dpin = dim

2) Obtain from Check matrix H.

We can obtain from the number of independent column vectors in H.
Let us consider we have n independent vectors in H.
(1) Take d_m column vectors from all column vectors.

If there is a |inear dependency among all the combinations (Jl), then

m

d min £ dm.

(2) Taks d_m-1 column vectors from all column vectors
If all combinations (d 7_1) are independent, then d min > d m.

(3) If you can find such d_m, d_min = d_m

23 2023-07-26



1111000
il H=(1100110>

101010 1
(1) 72552557 bADL, dy, =3 HOFINRZ MLaEEY HT,

(1) Extract d_m = 3 column vectors out of 7.

0 0 0
1{+(1]+]|0]=0
1 0 1

Ko TZD3DDINRT MVIFHEE, €2 T, dpin <3
These three column vectors are dependent. Therefore, d_min £ 3

@d,—-1=2 HERYHT,
ED2ODF|RT FVvE L o THMANL,

2) Take d_m-1 = 2 column vectors

Any two column vectors are independent.

1 1
Bl 21X, ¢ |1+ ¢ 1l=0 ERDTEOITIE. =0, ;=0
1 0

?/\]éo <. dmin >3

1 1
For example, in order for ¢, |1|+c, 1l::0, ¢, =0, ¢, =0.
1 0

Therefore, d_min > 3

@D &y, d,y,=3
(3) From (1) (2), d_min = 3.

5. 6 FE/E -HEANIVS - FBENIVT
5.6 Horizontal-Vertical Diagonal Check code / Extended Hamming /
Shortened Hamming
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5.6, 1 Horizontal-Vertical Diagonal Check code

(ny, k)T & (na, k)T %2 2 RITICEHN T 275 TH 5. n
AL
. . 4 ky ~
HlRe Y VE kik, ~ AL N
BREY Y M nyn, — kik, 4
(EREE nn, k, . g
N T HEE vk 2
L ;
It is a code that arranges \_ RrEEVH

(n_1, k_1) code horizontally and
the (n_2, k_2) code vertically in two dimensions.

Number of information bits k_1 k_2

Number of inspection bits n_1 n_2-k_1 k_2
Code length n_1 n_2

Minimum distance d_ (min_1) + d_ (min_2)

727 U duinys oming, (2 ZE (0, k) FF . (g, k) P75 O S/
where, d_ (min_1) and d_ (min_2) are minimum distances of the (n_1,
k_1) code and (n_2, k_2) code, respectively.

WU 1 (9,4) ﬁ% ?gﬁ:%nﬁﬁﬁ 5 . 2 %) %«Bﬁ@ Z &: X1 X2 Cq
Example 1 (See also Exercise 5.2)

250 (32)FR oMb

P a8 u= (o1 X5 X3 X4 €1 C; C3 C4 Cs)

fHHRe Yy P8 2X2=4 ALYy FE3Xx3-2Xx2=5 §{FH5E 3%x3=9
WA, LTTH %,

Combination of two codes.
Codeword: u = (x_1 x2x3x4c1c2c3c4cbh
Number of information bits: 2 x 2 = 4
Number of check bits: 3 x 3-2 x 2 =5
Code length: 3 x 3 =9
The checking rules are as fol lows.
25 2023-07-26



xl+x2 +C1 =0

X3+ X4 +c; =0
Xq + X3 +c3 =
X + Xy +¢y =
X1+ x; +x3+xy +cs=0

PEo T, BREATINILL T & 2 B,
Therefore, the check matrix is as follows.

110 01 0 000
001 1010O0O0
H=|1 0 1 0 0 0 1 0 O
010100 010O0
111100001

(3.2) frs o/ EfEx. 2 TH b0 T, HNEHE 4.

feoT, 1FRDETIEE 2 340 M A3 A]HE,
Since the minimum distance of each (3, 2) code is 2, the minimum
distance of (9, 4) code is 4.
Therefore, 1 error correction and 2 error detection are possible.

2 (35,24)fF5  HDLC TEHfLx 7 Xi Xy X3 X4 | Cq

X5 Xg X7 Xg | C2

Exawple 2 (35, ?4) 00(.1e | P
horizontal-vertical diagonal (HVD) parity check X13 X142 X135 X16| Ca
in HDLC X17 X18 X19 X0 | Cs

X21 X22 X323 X4 | Cg
€7 Cg C9 C10| C11

(5,4) TF5 & (7,6) fF5 o2t b+

THH e v F4X6=24

&Yy FE5XT7-4%x6=11 FF5E5%X7=35
(5.4 fi5. (7,6) 5 D /MR
EbHic2THBDT, wIHHEE 4,

Combination of (5, 4) code and (7, 6) code.
Number of information bits: 4 x 6 = 24
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Number of check bits: 5 x 7-4 x 6 = 11

Code length: 5 x 7 = 35

Since the minimum distance of (b, 4) code and (7, 6) code are 2, the
minimum distance of (35, 24) code is 4.

5. 6. 2 JrEENI 7 (Extended Hamming Code)

5.6.2 Extended Hamming Code

PRI v 7 HIEE,

BIZIE, N3V 7 (1A R E b1 LADAY 74 2MA T, (8, IFEHIES,

DFY, ANIVIAAFEONTEE(a,a6a5a5a5a,a) 8T B & F
a;+agtas+a,taz+a,+a;,+ag=0 EL2DHEITayzEDD,

(a; ag as a, az a, a; ap) THEK X N2 fF5 2RI v 7 (8,4) 5 L& E I,

NIV I (1,4) T OR/NEREHI3 TH L DITH L, (84) 5o/ il Lk 3,

For example, add one more parity bit to Hamming (7,4) code to create
(8, 4) code.

If a code word of the Hamming (7,4) code is (a7 a6 abad4a3a?
a_1), set a0 sothata 7+a6+ab5+ad+ald3+a2+al+al-=
0.

The code composed of (a7 a6 abadal3a?2alal iscalledan
extended Hamming (8,4) code.

The minimum distance of (7, 4) code is 3, while the one of (8, 4) code
is 4.

5. 6. 3 %EfE/ NI 7 (Shortened Hamming Code)
5.6.3 Shortened Hamming Code

i o 3 v 7 L

NIV TR O UADERL ST XTOTH2MF5HEEZMO L, HAD 0 %
Frd. THICKoTHREI NS (n— Lk - D5 2 RAEL 2 v 7775 LIES,

B/NERIIED L 70,
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Extract codewords from which |
Hamming (n, k) code, and remove | Os.
This (n-1, k—=1) code is called a shortened Hamming code.

The minimum weight does not change.

Bl Y2 (63 FE =1

Example: Shortened Hamming (6, 3) code | =1

NIV (1.4 FE
Hamming (7, 4) code

0000
1000
0100
1100
0010
1010
0110
1110

G~ 2 v 7 (6,3) fF s
Shortened Hamming (6, 3) code

000 000
100 111

10 111
*0 011
01 101
101 010

011 010
111 100

28

information symbols are all 0 from the
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FHRBEELRI F6E BMUITEMRST2 (FEOZEARE., KE/AS)
2021/5/25 FY R L
KA B
- S BT GREE XY MV TRo T, T2 TIEZHATH| D HikEFs,
AERZEHAgR)E ED L IITHES T LW EEE,
- XKEFS, BCHS S, RS (V—FRYuoxy) %5 JeHELTQRa—RARY
* ZL O FFEON Th D EELM - T 5B T E2MMAT 2 (v 2 OF 2 EH)
FEOE Ay bEMETLHE0 (RNUT o) | RETHIZEITLE0 (NI 75
H 6 H RS EAE A L HATRIT 2,
RSN g(x) TEIV N D EREIE T 2/ 5, Zhux, g(x) DR & BIRATEN,
fFasirulx) &9 %,
g)TEVEIND E1X, ux) =Ax)-glx) t7bZLThD,
ZIZT, gx)oRarEZHE, gl@)=0, £-oT, ul@)=A(@)-gla)=0
T7bb, alfu(x)DRTHLH 5,
MERRZHAg() THV OIN DG EERL T 525 ) = [ERSHEgx) DR EZ RO
FEu(x) &9 |

Point

- Chapter 5 dealt with codewords as vectors. Here you will learn how to
handle by polynomials.

- It is important how to create the generate polynomial g (x).

- The technique is a basis for Cyclic code, BCH code, RS (Reed-Solomon) code,
QR code, etec.

— Shannon’ s second law means using only codewords that hold certain criteria
among many codewords.

- In Chapter 5: the criteria for parity code was 0 when all bits are added,
while for Hamming code it was O when multiplied by the check matrix.

- In Chapter 6: Codewords are represented by polynomials and generated by
generate polynomials, g(x). Then, code contains only codewords that are
divisible by the generate polynomial.

This is closely related to the root of g (x).

Let the codeword be u (x).

Dividing by g (x) means that u (x) = A xX) - g (X).

Here, considering the root o of g (x), g (a) = 0.

Therefore, u (a) = A (a) g (a) =0

That means, @ is also the root of u (x).

“Using only codewords divisible by the generate polynomial g (x)”
equals to “Using codewords u (x) with roots in the generate polynomial g (x)”
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6. 1 Xk
EosskE B REER 1 RTE
OO TUX LY, N—R REY

6.1 Basics
For code classification, see the first half of supplement 1.
Types of errors: Random errors, burst errors

6. 2 ZEARE

6. 2. 1 HFroLHEAKRI

B ENDOHF 5 u=(ayq Gnp = ay) a; EGF(2) % GF(2) EOZEXTHEETD,
BA0L 1, HE-+)

6.2 Polynomial expression

6.2.1 Polynomial expression of code

The binary code word u is expressed by polynomials on GF(2). That means
coefficient is 0 or 1 and multiplication and sum (XOR) is defined.
u=(a_ (n-1) a_ (n-2) -~ a0 a_i € GF (2)

u(x) = ap 1 x™ T+ ap_x" 2+ -+ a;x + ag

Bl (1101 —>[ ]
Example
GF(2) EO &I o E

Polynomial operations on GF (2)

0+0=00+4+1=140=1141=00—-1=10-0=0-1=1-0=01-1=1
ax' +bx'=(a+b)x! eg. x5+x5=0
i g 55

ax =—xJ b#0 eg. —=x
bxJ b g x3

2

(%
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fG)+9(x)=h(x) => f)=gx)+hk), gl) =[x +h(x), f()+9x)+h(x)=0

6. 2. 2 ZAFkEEK
RS g(x) « H 5 EOAFBATINHY T HH D
6.2.2 Generation polynomial
Generation polynomial g (x): Corresponds to the generation matrix in Chapter
5.

6. 2. 3 =HE-ZEOFIE EHRE
EIEETIE, REC Y FOWMEE O L | 1010@“1 |
L 1HERE v+ BREEYRS DO
(e y b+Ary b)) AAEpZE [ 10101---1 ] 000000 f(x)
Rglx) ORYL (FEEk) zmEEy e L
TR THEIVT 5 1HERRE Y~ BREEYRS DO
° [10101---1__ ]| 000000 2y 1(X) k0%
X
g)PmkET 5L, r(x)Im -1k Th g(@)
%, (MDFEV, ALY MUImE Y )

BEEVE BB ‘
gX) THEER SN H =X, k%S [ 1o101---1 ]! 010111 fO) +r(x) &2z

k=n—mkiﬁ?§)o

6.2.3 Transmission / reception procedure

On the transmitting side, the initial value of the check bits are set to 0.
The remainder of (information bit + check bit) / generated polynomial g (x)
are check bits.

The corresponding code word is generated by adding the information bits with
the check bits.

If g (x) is m-th order polynomial, r (x) is (m-1)-th order. That is, the
number of check bits is m bits.

The code generated by generate polynomial g (x) is the (n, k) code where k =
n-m.
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n=7. k=405H

BME Y Magasayaz)m  agx® +agx?+ayx+as &35, WIT, x3%20F T,
f(x) =agx®+asx®+ax*+az;x3+0x2+0x+0 &L,
fx) % g)TH-T=RVrx)ERD, f(x)+r(x) E=/FEiEETDH, DFED,
fX)=Ax)-gx) +r(x) fx)+rlx)=A4x)gx) 720,
) +r@)ix, glo)THV GG, GRIAEN0, BRI D, &HERHT D)

For example, when n =7, k = 4,

if the information bit (a_6 a_b a_4 a_3) be

abx 3+abdbx  2+adx+ald.

Next, multiply by x © 3 to create f(x) .

f(x) =abx " 6+abx 5b+adx 4+a3x 3+0x"2+0x+0.
Then, divide f (x) by g (x) to find the remainder r (x) to obtain the
codeword as f (x) + r (x).

In other words, f(x) can be

FO=AK gx+r Xf&-+r xX=A g K.
This means that f(x) + r (x) is divisible by g ().

(The remainder is 0 )

SR, ZE L5 xRS HAgx) TES TRV D OIZRDEINEFT D,

SWHZ D& ARZEAG) TERIN DT FEIET 2 HNTWnD Z &2 5,

The receiving side divides the received codeword by the generate polynomial g
(x) and check whether the remainder becomes 0.

If it is 0, the received codeword is correct, otherwise wrong.

In other words, we are using only codewords that are divisible by the
generate polynomial g (x).

Bl6. 1 gx)=x3+x2+1=@Q100)F, (7, DHFZ5E24ELTH, (LLLH)
Example 6.1
g X)) =x"3+x"2+1=@0101) generates the (7, 4) code.

1) (0
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AL EHREY M3 +x+1=(1011D)%%D LT 5,
1) Sender side
Suppose that the information bit x "3 +x+ 1= (1011) is sent.

fx)=(1011]000)=x®+x*+x3
fx)/g(x) ZEtHET 5,
Calculate f (x) / g (x).

[Ke. 1] zZzEA0EVE
1 1 0 0

1101] 1 0 1 1 0 0 0

1 0 0 <— ®EHHE

PIEXY, r(x)=x2=(100)
Ko T, FETREHFFIEIL
u@x) =fx)+r(x)=x+x*+x3+x2=(1011100)

From the above, r (x) =x ~ 2= (10 0)
Therefore, the codeword to be transmitted is
UX =FT X +r @ =x"6+x " 4+x " 3+x"2=0011100)

2) =M
v(x)=(1111100)2% TR~/ T 5,
v(x)/g(x) ZFHET D,
2) Receiving side
Suppose that v (xX) = (1 11 1100) is received.
Calculate v (x) / g (x).

[M6. 2]
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11011 1 1
1

HH O

HEIHO =

0
1

o = O

1
1
0
1 1

PbEXv, v Fe—Aai3,

s(x)=x+1=+#0

Thy, D7l tbBODBHDHZ ENTND,

TOYV R —ANETORYRZ TR, BBV ZIBFETE, (TIETX 5,

1780 ORE X7 (H%E%)\?tyl\f:ﬁ%) s 3By R TIZ8 NZ U EBITFHRE, ELWH D

EOTHRR DR TRRETEZLAEENRDH D, (EE, g)=x3+x2+1 [IAHETH D, )

From the above, the syndrome is

s X)) =x+1#0

A least we found that there is an error.

If this syndrome is different in all error patterns, the error can be
identified and corrected.

The number of patterns of one bit error is 7 (because the code length is 7
bits).

8 patterns can be expressed with 3 bits.

It may be possible to identify with different patterns

including the correct one.

(Actually, g X) =x "3 +x "~ 2+ 1 is possible.)

%%%?&@%?%\ FEniko#R]  (http://www.ieice-hbkb.org/portal/doc_608.html/) 1 & (7= « >
27 L) 2 fwm (FF5REER) et AREUED 1 ERF S BER O S (B, g, PRE. mH) . 2 ®
REBITES (ERIR, H4)

6. 3 XKEHFE
6.3 Cyclic code

6. 3. 1 XKEGFE
6.3 Cyclic code

FEADFFUDH 557558 u= (Ap_q An_y = ay) EU (7272 La; EGF(2)) %25, =
FRBUA I 1 By h 7 b LT AR I

u' = (ap-2 @n-3 ** Ao Ap_1)
Thod, ZOFENPRIEZY U ICBTLE, 77200 v eU O, UznK[EIFFZ &S,

KEIFF 51X, BCH, RS S EHE R 5 DML 72D,
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Let’ s consider a codeword u = (a_ (n-1) a_ (n-2) ~ a_0) € U (where a_i €
GF (2)) with a code U of code length n.

The codeword u™', which is the shifted codeword of u to the left by 1 bit,

isu”’= (a_ (n-2) a_ (n-3) ~ a0 a_ (n-1)).

When this codeword also belongs to U, that is, when u” € U, U is called a
cyclic code.

Cyclic code is the basis of important codes such as BCH and RS.

6. 3. 2 KEFEOAERSZEA
6.3.2 Cyclic code generation polynomial

X"+ 1728 ET 5 2EAL, KEFSOEKRZEA LD 55, (BTTEHRNWI EICER)
"+ 1% GFQ) L TENL LR TERWE ZAFE T, WESMHBT 5, MBI 282 EAZ2 BN
E2T AN

1101

The polynomial that divides x ~ n + 1 can be a cyclic code generation
polynomial. (Note that not all)

Factor x ~ n + 1 to the point where it cannot be further decomposed on GF
2).

Each of the polynomials is called an irreducible polynomial.

Ble. 2 x"+1=>E+1DE3+x2+1D3+x+1)
INHH3, FRCEH
ARZEAgX) =x3+x2+1 1%, x7 + 12875, fEd—>
gx)=x3+x*+1 X, n=7, m=3, k=40K[E(7, DFF5EEKT D,
fFEHE > M, 0000~1 11 DTHY, ZNZEHIZx3ENTTZEAZgx) TH-> TRV r(x) %
KDD, (EBEOHBEIIXSR)

These are especially important
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The generation polynomial g (xX) =x ~ 3+ x " 2+ 1 divides x = 7 + 1.
See right for confirmation—->

g X) =x " 3+x " 2+ 1 generates a cyclic (7, 4) code of n=7, m=3, k =
4.

The information bits are possible combinations from (0 0 0 0) to (1 11 1).
The remainder r(x) is obtained by multiplying by x = 3 then being divided by
g (x). (Refer to * for actual calculation)

B > k AR07r(x) T agu(x) S EIPPaY v

0 0000 000 0000000 pl
1 0001 101 0001101 p2
2 0010 111 0010111 p3
3 0011 010 0011010 p2
4 0100 011 0100011 p2
5 0101 110 0101110 p3
6 0110 100 0110100 p2
7 0111 001 0111001 p3
8 1000 110 1000110 p2
9 1001 011 1001011 p3
10 1010 001 1010001 p2
11 1011 100 1011100 p3
12 1100 101 1100101 p3
13 1101 000 1101000 p2
14 1110 010 1110010 p3
15 1111 111 1111111 p4
KERE O]

* Example of division

1101 1000000 1101 1100000 1101 1010000 1101 1001000 1101 1110000 1101 1011000 1101 1101000
1101 1101 1101 1101 1101 1101 1101
101 001 111 100 011 110 000
1101 0000 1101 1101 0000 1101

111 010 011 101 110 100
1101 0000 0000 1101 1101

011 100 110 111 001

0000 1101 1101 1101 0000

110 101 001 011 010

ETEEVRETROTIZ, W ONEHELENLDOBEHEE TRDD I LETE D, flXiE, 6 O/ FFEIE.
2 & 4 DFEBEDOMAE TR LN,
Instead of dividing everything, you can calculate by |inear combinaiton.

For example, the codeword of 6 is obtained by adding the codewords of 2 and
4.

KEIFF B UMD ERZIEAgX) TEMREIND ET D, 2720, gL, x"+12%RT5H6F(2) L%
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HAThD, 20L&, UDEEOHEEuEEICkE Yy b7 b LG EEu® L, UGS TH
LT EETRED,

Suppose the cyclic code U is generated by the generation polynomial g (x),
where g (x) is a polynomial on GF (2) that divides x "~ n + 1.

Then, let’ s show that the codeword u =~ ((k)), which is the shifted codeword

u in U to the left by k bits, is also the codeword of U.

1D ux) = a1 x" T+ ap_x" 2+ a;x+ay, € U LT D,
(2) k =10k

u® =q, x" 14t ax2+agx +a,,

= (X" Tt ax +ag)x + ap_g + @1 xt = u(x)x + ap_ (1 +x™) = g(x) - A(x)
u(x) L g(x) THEERAT, (1 + x™)ITg(x) THEERAT

kot, uWeu
@) k=10=DTHLTDEWRET 2, THROH, ul =g@AK) € U LTt

uD = xy® 4 g, (1 +x™) = g(x)B(x)

FoT, u*Veu

@@2)3) L I T,

M ux=a M1 x" 1) +a_ (-2 x  (n-2) +-alx+aldel
(2) When k =1

u~ (M) =amM2 x" " (n-1) +-+alx" " 2+a0x+a_ (n1)

=(a h-1) x~ (h-1) +-+alx+a0 x+a_ (n-1) +a_ (1) x "n=u
x) x+a_ (n1) 0+x"n =g x - A X

u (x) can be divided by g (x), and (1 + x ~ n) can be divided by g (x)
Therefore, u = ((1)) € U

(3) It is assumed that k = | (I > 1) holds. That is, ifu ™ ((I)) =g (x) A
(x) € U, then

u” ((+1))=xu” (D) +a_ (1) 0A+x"n =g x) B X

Therefore, u ™ ((I + 1)) € U

(4) It is proved from (2) (3).

6. 3. 3 HIvHERE

EEMSZEMS ERZHENgx) TOFID FHEITH, B ERBKIZY 7 LA Z &2 HOIEE
ZN— Ry =7 CEBTX %,

Both the sender and receiver use division by the generated polynomial g (x).

9 2023-07-26



The division circuit can be easily realized by hardware by using shift
registers.

(K6. 2] &Y EER

] register
mput x0 x! xt

—@—{ Ry [—=D{ Ro[——{ R,

a;=0 switch off
a;=1 switchon

g(x) = z aixi = amx’" + am_lxm‘l ++ax+1
i=0

[Fig. 6.2] Division circuit

Fl6. 3 FYEREROHE
Example 6.3 Example of division circuit

[K6. 3] HYOEER gx)=x>+x2+1

input  ,.0 x1 x2 3

Rl RZ \?—_7 R3

LY ZAZOPEEZ 000 L, 10010008 AL LTEZLND L,

AT Rl R2 RS

<— TFTo [1] IZHHH4
<— To [2] IZHHY4
<— To [3] IZHHY
<— T [4] IZHHH4

E-T, £9ix(011), £»TQ001011)%2%ET 5,

COO-OOM
- -O OO
HHOOOHKO
OrMHMHEOO
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If the initial value of the registers is 000 and 1 001000 is given as an

input sequence, then

Input R1 R2 R3

1100

0010

0001

100 0 1 <-corresponds to [1] below

0101 <-corresponds to [2] below

0 111 <-corresponding to [3] below

0 110 <-corresponds to [4] below

Therefore, the remainder is (0 1 1), and (1 0010 1 1) is transmitted.

ez, (1001000)% (1101)TEIS &,
For confirmation, let’ s divide (1 001000) by (110 1) as follows.

1101] 1 0 0 1 0 0 0
1

1 0 1
1 0 0 o0 <—[1]
1 1 0 1

1 1 1 0 <— [3]

0 1 1 <— [4]
LR BB LA ONEERV R —H LTS,
The remainder matches the final contents of the registers

6. 3. 4 XKEFSOFFEORD T, ARLEX EARITH. REFTH
6.3.4 Calculation of cyclic code words, generator polynomial and generator

matrix, check matrix

(1) KEFEDEEBORD S
(1) Calculation of code words of the cyclic code

FikE LT

(A) R EEZAERZEAg@x) TE- 7RV r(x)ZHHE LR 5 Hik
(B) g bAATHIGE KD, #EHEG TRD 5 Ik
BRENRDHD, 6. 3. 2TRLEDIE., ADJFkL
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(B) OFEEHITRT,

We have 2 methods;

(A) Calculating the remainder polynomial r(x) obtained by dividing the
information code word by the generation polynomial g(x)

(B) Calculating the generator matrix G from generator polynomial g(x) and
finding the code word by a linear combination

The method A is shown in 6.3.2, while (B) is shown below with examples.

ETORFFEE, ulx) =A4x)-gx) ERIND, g&x) OREZEmM, ERLSNDFF 5O 5K
znk 945,

F9, AX) =1& L7cux) = g@)IFEFFEETH Y. gx)DX7 MVEREBL (KX1In) 2gok 35
EL gl TERATHIOITE 05, WRIT, A(x) =x& Licu(x) = xg(x) LG HRETH D . D oglx) T
—PIMNLTH D, Fo, xg(x)DNT "MVERBlg L, goZx 1By NETT7 N LTELDOTHD, g1 b
HERATENOATE 0D, ZhE. n—m—18y b7 b LY Mlgy_mo T CTHRY KT ELITD
ETAEBATIINRD B b,

All codewords are expressed as u (x) = A (x) -g (x). Let m be the order of g
(x) and n be the code length of the generated code.

First, u x) =g (x) with A (xX) =1 is a codeword.

Let the vector expression of g (x) (length is n) be g 0,

g 0 is a row of the generator matrix.

Next, u (x) = xg (x) with A (xX) = x is also a codeword and is linearly
independent of g (x).

The vector expression g 1 of xg (x) is the vector obtained by shifting g 0 to
the left by 1 bit.

g 1 is also a row of the generator matrix.

If we repeat up to the vector g (n-m-1) shifted by n-m-1 bits, the generator
matrix is obtained as follows.

Bl LT, AlZEAEZgX) =x3+x2+1 &35, n=7, m=3, go=(0001101)TH D75
ARATINICA T & 725,

12 2023-07-26



As an example, let the generated polynomial be g (x) =x "3 +x "~ 2 + 1.
Since n=7 m=3, g0 = (0001101), the generator matrix is as follows.

o O O -

S O R

O R = O
N =l

0 0 0
1 0 0
0 1 0
1 0 1

Go~G3 N —RMNLTH D Z LI TDO L D IZREHTE 5,
It can be proved that g 0 to g 3 are linearly independent as fol lows.

FE i x3g(x) + cx2g(x) + c3xg(x) + ¢, 1g(x) = 0L 725D, ¢c;=c,=c3=¢c, =0D L X THDHZ LaEpRTIFXI, (BT

T HDICIRE L THINY M TERD)

ax3g(x) + cx%g(x) + c3xg(x) + ¢, 1g(x) =¢;(1101000)" +¢,(0110100)"+¢;3(0011010)" +¢, (000110 1)

¢
(e e \

¢, +tc3
1 +e; ey | =0

[ +cy
C3
Cq

NIV, g=c=c=c=0 FoT—RMILTHD,

Proof: Let” sshowec 1 x "3 g (x) +¢2x 2g (x) +¢c3xg (x) +c 4 1g

(x)

0 holds if and only ifc1=¢c2=¢c3=c¢c4=0.

(We use transposed column vectors for easy viewing)

c1x 7 3g X +¢c2x " 2g X +c3xg X)) +cdl1g (x
00 "T+¢2 0110100 "T+¢3 0011010 ~
101 "T= (M (c_18&80 c_18&+c_2880&c28&+c38&0
c_4@&c 288+ c_4 088 c_3 8@&&&c_4))) =0

The equation implies that ¢ 1 =¢c 2 =¢.3 =c¢_4 =0 must be

the corresponding vectors are |inearly independent.

PNEHHEIZT T2 DICCEATINDIEARETE TERT 5 &
For easy handling, the matrix G can be transformed by elementary operations

of linear algebra.

oS O O

o O = O

(=3 e R ]

_ o oo
_ RO

CHEBEOBMIE Ch B, GTH, G' THIR LB

13

O R R R
=)

WTE B,

T
c

h

c.1 11010
+c¢4 (0001
1 & +c¢c3 &+

eld. Therefore,
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This is an irreducible ladder form of the matrix G. The same sets of code
word can be generated by both G and G’

G' CHEREINDTRTD

1TOFK = TSI e
Line number Linear combination
©) 1000110
@) 0100011
® 0010111
@ 0001101
DO+® 1100101
DO+® 1010001
O+@® 1001011
@+0 0110100
@+® 0101110
@+® 0011010
D+®+® 1110010
D+@+@ 1101000
D+B®+®@ 1011100
@+03®+®@ 0111001
O+@+@+® 1111111
O+Q® 0000000
LI b1 6 253k,

Vel =Rz

ERRFRTE]

HA

O I A GO O O GO O oW

MEAESICL o TRD S,
Let’ s find all code words generated by G' by linear combination.

INZ
Weight Pattern

1101
1101
10111
1101
10111
1101
10111
1101
10111
1101
10111
1101
10111
10111
11111111
0000000

pLIX 7, p2 X 7ME, p3 1L 1M, p4 X 1ENRZNZIKELTWD,

The above 16 are all code words with seven pl1, seven p2, one p3, and one p4

patterns. Each pattern is cyclic.

AR GNKREIFF S 2 AT S Z L AR TR G O—1TH. ZATH, WATHIZF U5 42K

FILELOTHY, foT, —F7H &
E7. GTHRUHRNTE B, BERIBMILG O h G ENES Th 5,

—ATHDOK

[%25 2 TROTH Ly,

Another solution: Assuming that G’ generates a cyclic code, the first,

second, and fourth lines of G' are cyclic codes. Thus, we can obtain codes by
circulate the first and third lines

Also, the same code words can be obtained with G.
The irreducible ladder form, G

(2) ApEEAE AT, BT
(2) Generation polynomial, generation matrix and check matrix

14

is easier to calculate.
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Bl Z 10X, F5iE(ay; agas as az ap a,) = EREZERXg(x) =x3 +x2+1=(1101) THE L Z &%, LR
DFtFEZLTWDLZ LD, (BUF., 7 &iFa, %, 67 LT, ag+a, 2 EHT 5, )

For example, dividing the code word (a_7 a 6 aba4a3a?2al) bythe
generation polynomial g (x) =x ~ 3 +x "~ 2+ 1= (1101) means that the
following calculation is performed. (Hereinafter, 7 means a_7 and 67 means
ab+al)

7 67 567 456

FoTHRVIT, (az+as+as+a)x?+(a,+as+ag+a)x+(ay+a,+as+ag) L7205,
Therefore, the remainder is (a3 +ad4+ab+al)x 2+ (@a2+ab+ab
+al) x+(al+ad+ab+alk).

W-~T, o Re—2ilk
Therefore, the syndrome is calculated as below.

S =ay +as+a,+as
Sy, =ay; + ag + as +a,
S3 = ag +as +ay +a,

THEIND, Lo T, MEITIIX, LT &b,
The check matrix is as fol lows.

1
H:G
0
INMBHGCERD LD,
Finally, we obtain the generator matrix G.

== o
(SR
[ R
oo
o= o

==
N——

6. 3. 5 KENILTEIEKEINI T
6.3.5 Cyclic Humming code and Non-cyclic Humming code

B R 1
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See the supplement 1.

6. 3. 6 XKENITRENE BCH fF5~DHL5E
(BCH % 5 D% Ttk L7z N LIRS BfiFCTE 5, )
6. 3.6 Extension from Cyclic Hamming code to BCH code
(It is easier to understand if you read it back after the BCH code.)

SEE SEOHR FEEGmARN R p.39-44 LV
(1) XKEANI 7 (1,075
(1) Cyclic Humming (7,4) code

Let’s consider
b

X" +1=(+DE3+x2+ 1D +x+1D)EEZD,

Fia2HAE p() =x3+x+1L95, ZOREalTHL, a®+a+1=0
Let the primitive polynomial be p (x) = x ~ 3 + x + 1 and the root is «,
then ¢ "3+ o +1=0

X" +1=Xx)x3+x+1)THHDT, a’+1=X(a)pla)=0
Since x " 7+1=XX X " 3+x+1), a  T7T+1=X(a)p (a) =0

JoT.a’7=1 (@’"=1 IF, alZ 1 O7TFBLENVHTZ NS, )
Therefore, @ ~ 7 =1 (It means that o is the 7th root of 1).

HZEXE p) LR ET D,
Here, let the generator polynomial be the same as p (x). Thus,

DFED, g =p)=x3+x+1=(x+a)(x+a®)(x+a?)

ARSHENIT, 7+ 12T 5, F3RTHLOT, fFrEn=7, REL Y ML 3 OK[EIN
U7, DT EAERT D, B—RRY ETIER R
The generator polynomial divides x = 7 + 1. Moreover, since it is the third
order polynomial, it generates a cyclic Humming (7, 4) code having a code
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length of n = 7 and a number of check bits of 3. Single error correction is
possible.

(2) KE N 2705110555
(1) Cyclic Humming (15,11) code

Let’s consider,
B+ 1= +DE*+ 3+ D +x+ D+ 3+ x2+x+ D2 +x+ DEE XD,

FiEZ A E p(x) =x*+x+1L9 5,
Let the primitive polynomial be p (x) = x ~ 4 + x + 1 and the root is «,
then ¢ "4+ o +1=0

ZOWREZal T, a*+a+1=0, a®=1 (alT1D1 5FR)
(a is the 15th root of 1).

The generator polynomial is
AZEA g =x*+x+1=((x+a)(x+a?)(x+a*)(x + a®)

AMZEAIT, xP + 128RT 25, F4KRTHLOT, fokn=15, BEEL Y M4 O
NI 715, 1D 5 EERT D, H—fR 0 ETIEREE
The generator polynomial divides x 15+1. Moreover, since it is the forth
order polynomial, it generates a cyclic Humming (15, 11) code having a code
length of n =15 and a number of check bits of 4. Single error correction is
possible.

(3) (2) KEANI L Z7A5,1DFFEILRL T, 2RV ETIERRRIZ/AR D L 212 Lmvy,
(3) We want to extend the circular Humming (15,11) shown in (2) so that 2
errors can be corrected.

3—1) %
3-1) Preparations

A) FEELEAuITERZEHEg) TERIND, 72D, ulx) =X(x)gk)
PE-T, g)DIRZal 35 &, ula) =X(a)g(a)=0
Thbb, T XTO/RFibu@)Taz R & LTHRD,
17 2023-07-26



BIDORE : Raz FFOSZHEATEHIN D EHEIETE2MH S, )
(A) The code word polynomial u(x) is divided by the generator polynomial g
(x). That is, u (x) = X(x)gx)
Therefore, if the root of g(x) is o, u (a)=X(a)g(a)=20
That is, all code words u(x) have a as the root.
(In other words, we use only code words expressed by polynomials with root
a.)

(B)GFQ) LOEZEDOZEXp()IZOW T, [p(0)]? =px?) GEHE LX) THD,
p)DRZal+5 (pla) =0) & [P lx=q¢ = P(x*)|x=a = 0LV,
a’bp(x)DIRTH 5,
(B) For any polynomial p(x) on GF (2), [p(x)] 2=p(x"2).
If the root of p(x) is a C(i.e., p(a)=10), then [pX)]1°2|_(x=a) =pKx"2)|_
(x=a)) = 0. Thus, A"2 is also the root of p (x).

3—2) KENI 715, 1DOEKZLHENIT, a . a?, a* aBZIRITF D, B, | AREHE
RgO) B3 BRI T W, . EHoLEL L)

3-2) The generator polynomial of cyclic Humming (15, 11) has a, a”2, o4,
and a8 as roots. Then, it would be good if the generator polynomial g(x)
also has o”3 as its root. Let's assume it is true.

EEMATBu(x) ZEEL, iy A EjEY FERRS T, v(x) 2%2EFE LT 5,
Suppose that code word u(x) is transmitted, and the i—-th and j-th bits are
erred, and then v(x) is received.

28y FORRYIX e(x):xi+xj &%ﬁ—(%éo
The 2-bit error can be denoted as e (x)=x"i+x"].

EEAFHEE. uix) = X(x)g(x)
The transmitted code word isu (x) =X X) g (X)

ZEFFET. v) =ulx) + e(x) =X(x)g(x) + xb 4+ xJ
The received code word is v(x)=u(x)+e(x)=X(x)gX)+x"i+x" ]

AR HAIL, a2 AT %, HEHAEZEET DL, UTFOL AR TE 5.
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Substitute a for the received code word polynomial. From preparation (A), it
can be transformed as follows.

v(a) =u(a)+e(@) =e(a)=a'+a/ =S, - - (K1)

OEN, v(@)EFHET DL L, (K—REv(@®)ZFRE LRV D), v(a?)IFEITLOD?)
Next, if we calculate v(a"3), we obtain the followings. (Why not calculate v
(a”2). Is it useful?)

v(@®)=u@®) +e@)=e@)=a’+a¥ =8, WaaS;&7 %, )
(Let v(a™3) be S_3.)

EDEEFLT, 5% =a? +a¥
By transforming Equation 1, S_ 172 =a"2i+a 2]

—#%iZa®+ b3 =(a+b)(a*+ab+b?) THY, a=a' . b=a’ EBIFIE,
General ly, a"3+b"3=(a+b) (a"2+ab+b"2). If a=a"i and b=a "], then,

S;=a’ +a¥ = (a' +a’)(a? + a'al + a¥) = (a' + &’ ){(a? + a¥) + a'a’}

=(al+a’) {(ai +ad)’ + aiocf} = 5,(5,% + a'a’)

LT, aiaf=§+512 - e e (G2)
1

Therefore, (Equation 2)

(K1) & (K2) z2ENHREALE UTRITIE, atbalZRODND, 2FED, i&jrRDE
. 2RV FTIENAREE 72D,
By solving (Equation 1) and (Equation 2) as simultaneous linear equations, «
“iand @ " j can be obtained.
In other words, i and j are determined, thus 2 errors can be corrected.

DLk, A EA g3 bARICE U 2BV ITIERNTRETH L Z b=,
From the above, we found that 2 error correction is possible if the
generation polynomial g(x) also has a”3 as the root.

3—3) AEpZHEAg)Nad bIRIZEFS XL D127 5,
3-3) Let the generator polynomial g(x) also have @3 as its root.
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FiEZ A p() =x*+x+1 a*+a+1=0
Primitive polynomial is p(X)=x"4+x+1 o 4+a+1=0

q(x) Zad # RIS R/ MRt D S L L, AZHEAE gix) =p(x)q(x) &35,
Let g (x) be the smallest order polynomial with o3 as the root, and let the
generator polynomial be g(x)=p(x)qg(x).

B LY. gD ZRICFFS2BHI1E, a®, a'?, a** =a’, (a*® =a®) HLRITFFO,
From preparation (B), if q(x) has @3 as the root, then it also has a6,
12, a”24=a"9, (a"48=a"3) as the roots.

EoT, q)=x+a®)x+a®)(x+a)x+a'?)=x*+x3+x2+x+1
Therefore,

PLbXv, Apkzmux, LFER5,
Finally, we get the generator polynomial as follows.

gxX) =p)gx) =0C*+x+ D*+x3+x2+x+ D) =x8+x" +x0+x*+1
=(x+a)x+a®>)x+a>Nx+aH)(x+a®)(x +a®)(x + a”)(x + a'?)

ZOAERSEAIT, RENEF LR ol ol at BEOTD, 2t =450 272V FTIEARET
b5 (%D BCH HFE5OARSZEREZSH) . F/-, xS +12%RL, 8K THDHDOT, fFkn=
15, &Y v ML 8 ® 234V FTIEATREZ: BCH(15, DfF 5 & LR T 5.
Since this generator polynomial has continuous roots a¢”1, "2, a”3, «o’4,
it is possible to correct 2 errors from 2t_0=4 (see the later chapter of BCH
code) .
Also, since it divide x"15+1 and 8th order, it generates a BCH (15, 7) code
that can correct 2 errors with a code length of n=15 and a number of check
bits of 8.

(4) A5, DFF5ZTIC LT, 3V ETIERRERGSE2AERK LTV,
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(4) We want to generate a code that can correct 3 errors based on the (15, 7)
code.

3—3) LRI, ARZHEANRCHIRE L TR X 9 IR 5,
Similar to 3-3), let” s configure a generator polynomial to have a5 as a
root.

FERIE. (U5, )5 &b, (MERYE X, )
The result is the (15, 5) code.

(5) 4, 5, 6REVETIEAREZRF 5% ? 7V ETIER[REZRfF 51X ?
(5) Can we obtain a code which can correct 4 errors, 5 errors, 6 errors? The
answer is no, but we can obtain a code which can correct 7 errors

FERIT TRV ETIEATREZ2(15, DA, (00 + - 0)A1 - - - DD 25 LW E,
It is the 7 error—-correctable (15, 1) code. It has only two code words, i.e.,
00 ... 00 (11 ... 1).

(6) &
(6) Summary

FF54h AR A DOR ERSHRORE H57E

Code name Root of the generator polynomial
Degree of the generator polynomial Number of code words

1789 FTIEFHE(S, 1D/ 5 at,a?, o, of 4 211 = 2048
1 Error correctable (15, 11) code

27V FTIETEEQ5, D5 at,a?, a3, at, ab, b, a’, al? 8% 27 =128

2 Error correctable (15, 7) code

3V ETIERRE(L5, B = al,a?, a3, ot o, ab, a8, o, al?, al? 10 & 25 =32

3 Error correctable (15, 5) code

7RV FTIEARE(L5, D5 ol o, o, 0t o, af, a7, af, o, a0, o't o2, a3t 14 7R 21 =2

7 Error correctable (15, 1) code
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BHBEEERETI F7E MVITERS3 (BCH,RS, Goppa)
2021/12/8 1Fv R EQ
KA B
- HOETI, 2BV EOFTIERAREE 25 L HICKEINI 7 E2IE LTz, Z O, Ek%
HADROREFOHFNENRA > N EleoTz, T2 TIEZOMEIZE S W= BCH 755, RS 55,
Goppa £ 5 % F-55,
RS ER ) E ED LD ITHED N EE,

Point

- In Chapter 6, Cyclic Hamming code was extended so that more than one error
can be corrected. The basic feature was the continuity of the power of the
root of the generator polynomial. In this chapter, we learn BCH code and RS
code based on the feature. Then, Goppa code is also presented.

- What is important is how to make the generator polynomial g(x).

7. 1 BCHZA&E

7.1 BCH code

7. 1. 1 s
7.1.1 Overview

- 1959 #-tH Bose, Chaudhuri, Hocquenghem 723%%
 K[EIFF 5 0O —Fi
cERZTEA D) DR, Tbbgla) = 0& 72 Dall L » The/MEBEDNIRE SN D,
WIZE D &, MERRRYFTERNZFEBT L7010 &/NEREN O ERZHEHALZRETE, %
Al T&E D,

- Invented by Bose, Chaudhuri, Hocquenghem around 1959

- One of Cyclic codes

— Minimum distance is determined by the root of generator polynomial g(x),
that is o where g (a) = 0.

1 2023-07-26



In other words, the generator polynomial can be determined from the desired
minimum distance and the code can be designed to realize the required error
correction capability.

) FEZEAp(x) = x* +x + 1. ARZHEAgHx) =px) =x*+x+1 &322 BCH/=

cg(x) = 0DRIT 4>,

cg)IE, x® +1E2ERT D,

o T, n=15, T7bb, xS +1=>Cx+D*+x+1)EETF D, HRAIE, g, 5
K15, ALYy b4 oXKm (15,11) o241 5,

Example) BCH code with primitive polynomial p(x) = x ~ 4+ x + 1, and
generator polynomial g (x) =p (x) =x "~ 4+ x + 1

- g(x) has four roots.

- g(x) divides x = 15 + 1.

Therefore, x “ 15+ 1= (x+1) x "4+ x+ 1)AX), AX) is an arbitral
polynomial. As a result, g(x) generates a cyclic (15, 11) code with a code
length of 15 and check bit 4.

KIZ, gODIROWEZFHNTH DL, —fRICIFE, gO)IFEEOREZFFONB, DI HLDO—D%ka
L35, ZoeE, UTOEMPKY Lo, (a®~a'*id, a®~a3 THRITHE, )

Let us examine the properties of roots of g(x). Generally, g (x) has
multiple roots, one of which is a. At this time, the following theorem
holds. (a¢”0 to a”14 can be expressed by @0 to a”3.)

[EF7. 1]
B AT 5 AR S E g () )8

al,a? ad a%, -«
DEIITHFE LI NEROMEFOL &, g) TERSN LB 5 OR/NEBEL, 2to+1&745%, =
DS g() TEMRIND/5 5% BCH 5 M5, (7 —U B E a2t R H 5.,
BIRE ARERN T 20

2t,

[Theorem 7.1]
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If generator polynomial g(x) has roots of continuous power, such as
a1, a2 a 3 a4 - a  (2t.0)

the minimum distance of the cyclic code generated by g (x) is 2t 0 + 1.
The code is called the BCH code.

(The proof can be done using Fourier transform of codes, etc. See
supplementary material 1.)

7. 1 ARZEEgx)=x*+x+1 &72%BCH=
AERSZEAgX)D—2DREal T2, T7hobH, a*t+a+1=0
g, a?ERICEF O EFIRD,
g@)=a®+a’+1=(a+1D?+a?+1=0 fEoT, HRIH
g, P ERICEF O EFIRD,
g@)=a?+a+1=(a+ 1P+ +1=a?+a#0 £oT, BRTFHER,
PLEE Y, ARSERGOE, ala?Z <X FAERET DML L TR, ZhED,
2t0=2 TH Y., F/DEBE2 + 11X 3. 1V FTEAREART 524K T 5.,

Example 7.1 BCH code with a generator polynomial, g (x) = x ~ 4 + x + 1

Let o be one root of g (x). That is, ¢« ~ 4+ a +1 =0,

At first we check if g (x) has @ ~ 2 as its root.

G(a "2 =a " 8+a " 2+1=(a+1) " 2+a " 2+1=0

Therefore, it is the root of g(x).

Secondly we check if g (x) has @ ~ 3 as its root.

G(a "3 =a " 12+a " 3+1=(a+1) "3+a " 3+1=a " 2+«
#0

Therefore, it is not the root of g(x).

Then, the generator polynomial g (x) has @« ~ 1 and @ ~ 2 as roots of
continuous powers.

Then, since 2t_0 = 2, and the minimum distance 2t_ 0 + 1 is 3.,which means the
code is 1 error-correctable code.

gDOEMIZ1 5 P +12%RT5) —>/F5En=15
gEDWHIL 4 —>REE Yy NMIm =4
LY, glx) =x*+x+ U, F/EERE3 © BCH(15, 1)/ 5% LT 5,
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(BCH(15,11,3) &L 2 &6 H D, )

The period of g (x) is 15 so that it divides x = 15 + 1). Then the code
length n is 15.

The order of g (x) is 4 so that number of check bits m is 4.

Thus, g (xX) = x ~ 4 + x + 1 generates BCH (15, 11) code with a minimum
distance of 3. It is also written as BCH (15, 11, 3).

BT, 2 ARZEXZg@) =C*+x+ DO +x3+x2+ 1) =x8 +x7 +x0+x* +1

LT, L. B EAEp(x) =xt+x+1 L. TOREa LT 5,

- gGOIE, #HiEE L7oRat,a? ad,at RO, 2to =4 TH Y. FhEEEE2, + 11X 5, E- T, 27
D ETIE A RE

s g + 15 %R T D, Ko THFRIXL S

s g()IX8W, ALy MIULS,

UEXy, gx)=x8+x7 +x%+x*+ 1%, BCHU5, 7, 5 &4/ 5,

Example 7.2 Let us assume that generator polynomial g (xX) = (x " 4 + x + 1)
X " 4+x " 3+x"2+1)=x"8+x"T+x " 6+x"4+1

and the primitive polynomial p (xX) =x ~ 4+ x + 1, and its root is o ~
-g (X)) has o "1, « "2, o "3 and o " 4 as roots of continuous
powers. 2t 0 = 4, and the minimum distance 2t 0 + 1 is 5.

Therefore, 2 errors can be correctable.

- g(x) divides x ~ 15 + 1. Thus, the code length is 15.

- g(x) is 8th order. Then, the number of check bits is 8.

From the above, g (xX) =x 8 +x "~ 7+ x "6+ x "~ 4+ 1 generates BCH (15,
1, 5).

INSOENE, ARSEANE 2 5N TR/NNEEEZ RO TV D, EEOFF &R DR, &/
PR S ARSZEAE ROV, X 7. 1. 3 Tilmd 5,

In these examples, a generator polynomial is given to find the minimum

distance. When designing an actual code, we want to find the generator

polynomial from a desirable minimum distance. We will discuss later in 7.1.3.
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7. 1. 2 ¥EKIK
7.1.2 Extension field

AR DD TEEBMTHZ LI Lo T, KEIEKRTHZ L A2EB XD, Wik L 72 o To iR % HAEA,
PR SNTZBOEREPLRIK LIRS, (X0 BRI, R EOZHERORZ BN L CTIAKIK %21
R %, )

« DUF Tl 5 BRI AR IS BRI R WGF (2) & FEffE R L 975

- Let us consider extension of field by adding some element to an original
field.

The original field is called the subfield.

More precisely, the subfield is extended by adding roots of the polynomials
to the subfield.

— In the following, we will use GF (2) as the subfield, which is closely
related to coding theory.

(1) FroLEARIOEY

- 2N GFQYOITLEFE ETHLHAAEE X D, FRE1 0,1 OZHA, 3 +x+ 1728

INEGF(2) EoZEA L KRBT 5,

- BERZ I GF(2) EOZHAT 2L, EREG M T E WA Z B HA L S,

Bl x"+1=(@x+DE3+x2+ D3 +x+1) 27 + TIEFEFERN, x+1, 23 +x2+1, x3+x+1
B,

CJAW B ZHEADX + 1R L, oxt+ 1 (< n)ZERLARWE, ZOZHEAXOFEYAnT
bbHLEE,

R BEZEAO 5 b, AN RKRE R D bOEFIEZHEALF 9,

Bl x”+1=(x+DE3+x2+ D3 +x+1) JFHEZEAL, B3 +x2+1, x3+x+1

Bl x5 +1=(+D*+x3+ D +x+ D+ a3 +x2 +x+ D%+ x+ 1)

ZOEBZEANL. (x4 x3+ D). P Hx+ 1D, (P HaP+xi4+x+1)
2+ x+ Dk, 3+ DEERT 50 TRBZEATIER N,

(1) Review of polynomial representation of code
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— Polynomial: A polynomial whose coefficient is the element of GF (2), that
is, 0and 1. Ex) 1. x = 3 + x + 1.
— Ireducible polynomials: Polynomials on GF (2) that cannot be further
reduced.
Example
X " T7T+1=KXx+1) X 3+x72+1) x~3+x+1).
x 7+ 1 isnot irreducible. x+1, x "3 +x "2+ 1 x 3 +x+1 are
irreducible on GF(2).
- Period: When a polynomial divides x = n + 1 and does not divide x = i + 1,
where i<n, the period of the polynomial is n.
- Primitive polynomials: Of the irreducible polynomials, the one with the
maximum period is called a primitive polynomial.
Example x " 7+1=(x+1) (x " 3+x"2+1) (x 3+x+1).
Primitive polynomials are x ~ 3+ x ~ 2+ 1, and x = 3 + x + 1
Example x " 15 +1=(x+1) X 4+x " 3+1) x " 4+x+1) (x " 4+x
T3+ x T 2+x+1) (xT2+x+1)
Primitive polynomials are (x "4 +x ~ 3 +1), x " 4+x+1), and (x " 4
+Xx 3+x " 2+x+1).
X "2+ x+ 1 is not aprimitive polynomial because it divides (x =~ 3 + 1).

Example of primitive polynomials on GF(2) (mainly polynomials consisting of
three terms)

GF(2) LoJFiaZ o6 (FI2 3T 672 5 %)

1 x+1 9 x%4+x*+1 17 xV+x34+1 25 xS +x3+1
2 x?+x+1 10 x4 x341 18 x8+x7+1 26 x20+x®+x2+x+1
3 x+x+1x34+x%2+1 11 xM+x2+1 19 xV+xS+x2+x+1 27 x¥+x5+x%+x+1
4 xt4x+1x*+x3+1 12 x4+ x+x*+x+1 20 x20+x3+1 28 x28+x3+1
5 x5+x%2+1 13 B 4+xt+x3+x+1 21 x?1+x%2+1 29 x2°+x%2+1
6 x+x+1 14 xM4+x04+x+x+1 22 x%2+x+1 30 x30+x8+x2+x+1
7 x"+x+1 15 x¥4+x+1 23 xB+x5+1 31 x3M+x3+1
8 xB+xt+xd+x%+1 16 x4+ x24+x3+x+1 24 x%*+x7+x2+x+1 32 x32+x22+x2+x+1

- JFHAZTEAR DR ZJFHAR &9, FIAZEROEMEn 75 & FUARIZ 1 OnERTH 5,

Bl x3 +x2+ 1ORa, x3+x? + Udx” + 1Z2HRTLHDT, a’+1=0, > T, a’ =1
« GF2) EOEEDOZIE R u(x) 2 2 Hgx) THV R LRV 0ZERr ()25 25,

Bl u@x) =x+x5 gx)=x>+x+1 x®+xH)mod (x> +x+1)=x

g)DOWILEMET L L, RO DOLZHEKr(x)DXKITIIm —1LL N &2 5,

GFQR) LoEEDZHAu(x) ZmkDZHENg(x) THRLERY OZHEA (FRZEX) OES
reONE, m—1RUTOZEAT X THREEND, ulx)=f)gx)+r(x)THY ., u(x)IELET
HLOT, r)ITED L 7em —1KRUTOZEKNICT L 72 5,
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- Root of a primitive polynomial is called a primitive root. If the period of
the primitive polynomial is n, the primitive root is 1 to the n-th root.
Example
@ isaroot of x "3 +x "2+ 1 Sincex 3 +x " 2+ 1divides x "~ 7+
1, o ~7+1=0. Therefore, « ~ 7 =1
- Let us assume that the remainder polynomial r (x) obtained by dividing an
arbitrary polynomial u (x) by a polynomial g (x) on GF(2).
Example
u ) =x"6+x"5g X =x"3+x+1
which means (x"6 + x = 5) mod (x ~ 3 +x + 1) = x.
— If the dimension of g (x) is m, the dimension of the remainder polynomial r
(x) is m=1 or less.
- The set {r (x)} of the remainder polynomials obtained by dividing any
polynomial u (x) by the polynomial g (x) of degree of m includes all possible
polynomials of degree m-1 or less
In other words, sinceu (x) =f (xX) g X) +r (x) and u (x) is arbitrary, r
(x) can be any polynomial of degree m-1 or less.

(2) $EKRIE  GF(2™)

- GF(2) EOZHAu) DR (DF Vu(e) =0& 72 5a) X, —MITIXGF(2) BT, ZDa%k
GFUIZEMUL T, IEREEMERT 5, GFRUIIIMESRERIENER SN TNDHDOT, a2z b &
FaDREFR EallNAOITLHINZ D Z &5,

* GF(2) FOEEOZHRu(x) ZmROJFIEZHg(x) TR LIZR Y OZHEADEEr(0)HE, m—
IR T OZHEAT X TREEN., OUSNMIgR) DR (abkT5) ORIFETRETXS, £H
{r(x)} ={0,a% at,a?,,, HEILKRIRGF (2™ % 727,

(2) Field extension GF (2 ~ m)
- The root of the polynomial u (x) on GF (2), that is, o« such that u (o) =
0) is generally not on GF (2).
To form an extension of the field, a is added to GF (2).
Since field defines addition and product operations, adding « also adds
elements other than «, such as the power of «.
- The set {r (x)} of the remainder polynomials obtained by dividing any
polynomial u (x) on GF (2) by the primitive polynomial g (x) of degree m
contains all polynomials of degree m-1 and less
All elements except 0 can be expressed by the power of the root of g (x).
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- The extension filed GF(2°m) is the set of {r X)} = {0, ¢ "0, ¢ " 1, «
~2 .1

=5l (2 D hEZ TR OB
c GFQR) LEDIEBEDOLHEA A “ROLHEXTHRLIZRY OES (FIALZHEAES LS 1T, 1K
UTOZHEXT X TREEND, FIRZHEXESOERZINET L LLUT LD,

2 XU PAVEB

0 00
1 01
X 10
x+1 11

- GFQQ) Lo Z A (FULZHENK) gx) =x?>+x+1DR%Za (DFVgl@)=a’?+a+1=0)
ET5, PRZHEREAOELZHEAUZ o ZMRALTEIZ, LT &5,

————— Example (Example of a quadratic primitive polynomial)

— The remainder set (called the remainder polynomial set) obtained by
dividing any polynomial on GF (2) by a quadratic polynomial includes all
polynomials of degree 1 or less

The elements of the remainder polynomial set are listed below.

polynomial vector expression

0 00
1 01
X 10

x +1 11
- Let a be the root of the irreducible polynomial (primitive polynomial) g
(x) =x " 2+x+1onGF (2). (that is, g (@) =a "2+ a +1=0)
The value obtained by substituting o for each polynomial in the remainder
polynomial set is as follows.

polynomial vector expression « power expression

ZIE X7 hLVRBL aERE

0 00 0

1 01 1 =a®
x 10 a =a?
x+1 11 a+1 =a?
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o> T, OUANDEREaDXNEFETRITES,

bz L%, GFQR) EOTREDOZHAE IS HAg(x) = x2 +x+ 1 TEH - 7240 LI (Fisk
ZIHNX) OHEAIT, JERIKGF(22) ={0,1,a,a?} 2T 5, £59,

cFEHEER DT D L EHEIRGF ()0 ER N LR I A/ B o0, b, 2 HofEed
TTX5HGFQRYH)D 4 BEHTHEK IS 1500, 01, 10, 1THZIER L7z, &5 25,

Therefore, all elements except 0 can be expressed by the power of «.

The set of the remainder polynomial (remainder polynomial) obtained by
dividing any polynomial on GF (2) by the primitive polynomial g (x) = x ~ 2 +
X + 1 is said to be the extension field GF 2 "~ 2). ) = {0,1, a, a ~ 2}

- From the point of coding theory view, the code space of {0, 1} of GF(2) is
extended to the space of {00, 01, 10, 11} of GF (2 ~ 2).

=i (3RO haZ EHA D)
* GFQR) LB O ZHEAZFHEZERxS +x +1 (X7 FARBLTIE 1011) TERLZAY O%EA
X, IR e 5,

ZIHEA N7 MVRBL eI RKE

0 000 0
1 001 1 =q"
X 010 a =q!
x+1 011 a+1 =q3
x? 100 a? =q?
x> +1 101 a?+1 =q®
x? +x 110 a’+a =q*
x? +x +1 111 a’+a+1 =q®
T, at+a+1=0 XV
al=a+1

at=ala+1)=a’+a

a’=a(@*+a)=a+a’?=a+1+a?

a®=a@+a+1)=a’+a’+a=a+1+a’+a=a?+1
o> TWD, JERIEIE, GF(2®) ={0,1,a,a?,a3,a*, a®a®}TH 5,

—— Example (Example of a cubic primitive polynomial)

- The set of remainders obtained by dividing any polynomial on GF (2) by the
primitive polynomial x = 3 + x + 1 (1011 in vector expression) is as follows.
Polynomial vector expression a power expression

0 000 0
1 001 1 =a’
x 010 a =a?
x+1 011 a+1 =q3
x? 100 a? =q?
x? +1 101 a’+1 =q°
x? +x 110 a’+a =a*
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x2 +x +1 111 a?+a+1 =q°

From a®+a+1 =0, we use
ad=a+1
at=ala+1)=a’+a
a’=a(@*+a)=a+a’=a+1+a?
a®=a@*+a+1)=a’+a’+a=a+1+a’+a=a?+1
The extension field is GF 2 " 3) = {0,1, o, @« "2, @ "3, a ~ 4
a = 6}.

= (4RO L EADH])

« GF2) EOEE DO SZEX % FIALERx* + x +1 (X7 FVEBL 1001D)THRLEZAZY O

e,

—— Example (Example of a 4th-order primitive polynomial)

— The set of remainders obtained by dividing any polynomial on GF (2)
primitive polynomial x ~ 4 + x + 1 (vector expression is 10011) is as
fol lows.

Polynomial expression Vector expression a exponentiation expression

Z AT N7 MVEREBL a X R
0 0000 0
1 0001 1 =q°
x 0010 a =q!
x +1 0011 a+1 =q*
x? 0100 a? =q?
x>  +1 0101 a’+1 =q®
x? +x 0110 a’+a =a®
x2 +x +1 0111 a’+a+1 =q1°
x3 1000 asd =q3
x3 +1 1001 ac+1 =q'*
x3 +x 1010 a’+a =q°
x> +x +11011 ad+a+1 =a’
x3 +x? 1100 a®+ a? =q®
x3+x? +1 1101 al+a’+1 =q13
x3 +x% +x 1110 ad+a’+a =q!1
x3 +x% +x +1 1111 ad+al+a+1 =a'?

10

S =N

by the
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JERIKIZ, GF(2Y) ={0,1,a,a? a3,a* a® ab a’,ad a’ a'® all,a'? a3, a*} TH 5,

The extension field is

GF(2*) ={0,1,a,a? a3 a* a® a’ a’, a8 a’ a'®, a't, a'? a'?, al*}

7. 1. 3 BCH 4
7.1.3. BCH details

(1) BCH ®jEF (LLFIX 2 ticBRE LT+ 5)

< RS ERORIZIA Y ST IERE N MR T 2 M E 2R A,

- GF(2™) L CIEREE1T D,

- mIRDJFIESHERE 1 DR, TOWRE a5, FEEEn=2"-1Toh5, (cf. primitive)
« BERR L7/ NEEBEd i Ao = 2™ — 100 F OBEHUTIER S,

- REFEPEG LR (@, @l altdminT2) B RR R MNREED ZTEAX A AR S THKg(x) LT 5,
s ZOEMZHENGOOIZ LY . B/ NEHEA d y TH D TF SRR S LD,

l+dmin—2

glx) = [ 1_[ (x—ai)

i=l

A(x) (X7.13.1)

7272 L. A IFRal~alttmin=20> 2 F 4 TR LM E L THEHSZEAATHS, (x—a?DH(x -
a®t) - (x — a?WD)(x —@* WD) ) | Fio, g)OHFICEE L7 (FEIR) 2720 &5 IR 5,
cUIEEOIEAEE, @it o0 £7201X 1 258X 5 (cf. narrow)

N i DB ¢ (= [E]) BT OMY £FTETE S

(1) Definition of BCH (The following is limited to binary code)

- It uses the property that error correction capability depends on the roots
of the generator polynomial.

- All operations are performed on GF (2 ~ m).

- We choose one primitive polynomial of order m. Let a be its root. The code
length is n =2 " m-1. (Cf. primitive)

- Then, we select the minimum distance d_min you want to achieve with any
positive integer less than or equal ton =2 " m-1.

- The polynomial of the minimum degree with continuous roots of powers (a ~
I, " (+1), - a (I +dmin-2)) is the generator polynomial g (x).
-The generator polynomial g (x) generates a code whose minimum distance is
d_min.

g ) =[_ G=10D""0+dmn2) & x-a " )] A () (Equation 7.1.3.1)
where A (x) is a polynomial whose roots are the roots @ "~ | to a = (I +
d_min-2) squared, 4-th ordered, etc.
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That is, (X-a " 21) (x-a " 41) -~ (x-a =~ @2 (I +1))) x-a =~ @4 (0 +1)))
Also, g(x) should not include multiple roots.

— | is an arbitrary non-negative integer. Usually 0 or 1 is chosen (cf.
narrow)

— If the minimum distance is d_min, then it can correct errors of t (t = |
(d_min-1) / 2]) or less.

(2) EfRHy7: BCH 45
(2) Example of BCH code

1V ETIE t dpm =3 B, 1D(7,4(15,11), , , (255,247) KN > 7 H 5 L [Fl—
2RVFTIE 1 dpn =5 (15,7(31,21), ,, (255,239)
SEAVETIE t dpn =7 (15,5),,, (255,231)
A4VETE (dpn =9 (63,39),,, (255,223)
1 Error correction code: d,,;,, =3 (3,1)(7,4)(15,11), , , (255,247) Same as Cyclic
Hamming code
2 Error correction code: d,;, =5 (15,7)(31,21), , , (255,239)
3 Error correction code: d,,;, =7 (15,5), , , (255,231)
4 Error correction code: d,;;, =9 (63,39), , , (255,223)

(3) BCH 755 OHERITIE
(3) BCH code configuration procedure

3—1 HhzmEAUcL sk
3-1 Method by minimal polynomials

catERETHZEAON, F/hOURKEF>LDE Mi(x)&T 5,
c BONEBE R d & T DG ERZHAg) LT OEOE LT 5,
g&)=LUW@L@LMHﬂ@w~Jmefa@D (£ 7.1.3.2)
22T, LCM i, /ABEZEAEZBRT 5, T70b5 gO)IEM(x) ~M4 0o (x) THID Bl 5
INOWHKE B OZEATH D,
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- 0f the polynomials whose root is o ~ i, let us M_i(x) be one with the
smal lest degree.

- To obtain the minimum distance of d_min, we configure the generator
polynomial g (x) be as follows.

g (x) =LCM (M1 ), M_ (I +1) X, ~ M_( +dmin-2) (x)) (Equation
7.1.3.2), where LCM means least common multiple polynomial.

That is, g (x) is a polynomial with the smallest degree divisible by M_I (x)
to M_ (I + d_min-2) (x).

3—2 REPEKELIBOBEROMEIZL D HIE
3-2 Method by product of continuous root elements

X 713110~ T, T ERZEAE REBLEREET 5 X0 KT 2, Bl 374
DETIERMREZR2 T 7 & LIWGATE, _NE0WMfE 1 21 L LT, aa% a3 a*a’a® R E L TR
ZHEAXEED,

ax)=@x+a)(x+a?)(x+a)x+at)(x +a®)(x +a®)-
x+a)(x+a?)x+aH)(x+a®)(x + at®)(x + a3?) -
(x+a®)(x+a®)(x + a®)(x + a?*)(x + a*®) -
(x+ a®)(x + a®)(x + a?))(x + a**)(x + a80) -
SEEHURIEZ, TN, aada® O2RFICKHIETHEHTH Y, a®t=qal, o30*D =q3,
a®D) = g5 LR FETHEMNTTND, £, a? a2 EOMBITKIST 2HR RV OIE, Ei
LRI OTFEDOREROTAICEENTVDNHTH S,

R%IZ, a(x) DOEMETIH (ZoFITHE, c+a)(x+a?) 72E) ZHIBRT D, 2Tk
INRIED RS g() BN 5, 2— 1T LCM - T 201k, gx) ICEETLHENE
ENRNE T LD TH D,

According to Equation 7.1.3.1, first, the generator polynomial is built so
as to include the required number of continuous powers

For example, if you want to make a code that can correct 3 errors

create a polynomial with o, @ "2, a "3, a "4 a "5 «
its root, with the initial value | as 1.

a(x) = xx+a) x+a "2 x+a "3 x+a "4 x+a b X+«
" 6)

x+a) x+a "2 x+a "4 x+a 8 x+a 16 x+ a " 32

~

6 as

x+a "3 x+a "6 x+a "12) x+a "~ 24) x+ a " 48)
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x+a "5 x+a 100 x+a "20) x+a " 40) x+ a " 80) ----
The second and subsequent |ines are terms corresponding to the squares of «,
a " 3, and a ~ 5, respectively.

The terms are continued until they reach « " (n+1) =a 1, « = Q3 (n +
M =a 3 a " G h+1))=a 5.

Note that there are no terms corresponding to even numbers such as o ~ 2 and
a " 4 since they are included in the odd power part before that.

Finally, we delete the duplicated terms (in this example, (x + @), (x + a ~
2), etc.) from a (x). This gives the minimum dimension generator polynomial g

(x).

Fot this reason, LCM is used in 3-1 to eliminate duplicate terms.

(4) Rk
(4) Configuration example

FoaZERxt +x+1 (ZOREZa) 2T, 23RV ETIERES &2 F52 2 5t(15, VBCH ##%7 5,
1) EpkZEAg(x) DL
X 7132 Tl=1¢75%, w/DEEE 5 LT IE, I+dpn—2=14+5-2=4LY, gix) =
LCM (M (x), My (x), M3(x), My(x) ) TH 2.

My (x), My(x), Ms(x), M,u(x) % iEimd %o

M;(x): axiRE T HHR/NZEAX - >FHBZEAZOLDO x*+x+1

My(x): a?Z MR & T DR/ HEA - >a? bFAZHAOR, Lo THEZEAZOHD (1)
My(x): a® 2R ETHRNZEA >t +x3+x2+x+1 (%2)

M,(x): a*Z MR &T DR/ ZHEN — >M,(x) & RERICFMHZEAZ D H O

- T,

g(x) = LCM(My (x), My (x), M3(x)) = LCM(My (x), M3(x)) = (x* + x + 1)(x* + x> + x? + x + 1)

Using primitive polynomial x = 4 + x + 1 (whose root is @), we generate a
binary (15, 7) BCH with two error correction capabilities
1) Configuration of the generator polynomial g (x)
Let | =1 in Equation 7.1.3. 2.
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To enable the minimum distance is 5, since | + dmin-2 =1 +5-2=4, g (x) =
LCM (M_1 00, M_2 (x), M3 (x), M_4 (x)).

Firstly, we find M1 (x), M2 (x), M3 (x), and M 4 (x).

M_1 (x): Minimal polynomial whose root is a—-> Equals to the primitive
polynomial x =~ 4 + x + 1

M_2 (x): Minimal polynomial whose root is @ ~ 2-> o ~ 2 is also the root of
the primitive polynomial. Therefore, the primitive polynomial itself (See *
1)

M_3 (x): Minimal polynomial whose root is @ ~ 3> x "4 +x " 3+x " 2+x
+ 1 (See * 2)

M4 (x): Minimal polynomial whose root is a@ ~ 4-> Same to M_2(x).

Therefore,
g (x) =LCM (M1 (x), M2 (x), M3 (x), M4(x) ) =LCM (M_1 (x), M3 (x)) =
x4+ x+1) X 4+x " 3+x"2+x+1)

2) BT, g() & AW THERRT 5,
gL, a,a?ad, a*ZRICFFD, g)DBx® +15FERL, 72, g)DKRITEN 8K THDH I Lk,
2FAV FTIEA[REZR (15, D 5 2 M+ 5,

2) Each codeword is constructed using g (x).

g X) has o, o "2, o "3, and @ ~ 4 as roots. Since g (x) divides x ~ 15
+ 1, and the dimension of g (x) is eighth, it generates (15, 7) code that can
correct two errors.

1 My(x)=M;(x)=x*+x+1 OFEH (M,)Pa?ZERIFF>Z & DFEH)
Mi(a@®)=al+a?+1=(a+1)?+a’+1=a’+1+a’+1=0 ~a*+a+1=0
éthG:\ sz(X)ﬂi\ M](X)&ﬁgfg?)éc

*1 Proof of M.2 (x) =M1 (x) =x "~ 4+ x+ 1 (proof that M_1 (x) has a ~ 2
as its root)
M1 (e "2 =a " 8+a " 2+1=(a+1) " 2+a " 2+1=a " 2+1+
a " 2+1=0, since o "4+ a+1=0
Generally, M_2j (x) is identical to M_j (x).
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X2 My(x)DEH
*2 Derivation of M_3 (x)

M;(x) 1XadZRIZEFD, 65T, ab, a2, a?*=a°, (a¥®=a3) LRITFOT=O, T ERS,
Myx)=(x+a®>)x+a®)x+a>)x+a?)=x*+x3+x?+x+1

M3 (x) has @ ~ 3 as its root.

Therefore, since @ "6, o " 12, o« " 24=a "9, and (o "~ 48 =a " 3)
are also roots.

Then,

M3 x) = x+a "3) x+a "6) x+a "9 x+a " 12) =x"4+x"~
3+x " 2+x+1

Another metod

My(x) = apx* +azx3 + apx? +axt + 1L 9%, (TXHETREOVINZIEA LT D)
ZOZHEADBERITFOL O IT, ap~a ZEDHIUX LIV, DFE D
M;(a3) = aga'? + aza® + a,a® + aa® +1=0

thba,~a B RDDH, TIT, at+ta+1=02H5 L,

x2 Derivation of M_3 (x)

M3 (x) =ad4x  4+a3x " 3+a2x 2+alx"1+1,

(Use a polynomial with as few degrees as possible)

a_4 to a_1 should be defined so that this polynomial has @ ~ 3 as its root.
Then, a_4 to a_1 should satisfy,

M3 (a "3)=ad4a 12+ald3a 9+a2a 6+ala " 3+1=0
Then, by using @ ~ 4+ o + 1 =10, we obtain the followings

al?=(a+1)3=a+a’+al+1
a’=(a+1D?a=(a’*+Da=a+a

a®=(a+ 1Da? = a3+ a?

1> T,
Then,
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a(a®+a?+a+1)+az(@®+a)+ay(a®+a®)+a;a3+1=0
(ag+as;+a, +a))ad+ (a, + a)a? + (ag +az)a+ (a, +1) =0
b, apa=laz=1a,=1a,=1 %55,

Finally, we obtain a, = 1,a3 = 1,a, = 1,a; = 1.

(5) BCH 50T (FEh2)
(5) BCH code check matrix

a2 A u)IT AR S EAgx) TERIND, T7obb, ulx) =Xx)gx)Thsb, HE-T,
gD EaltT5H L, ul@) =X(@)gl@)=0 ThHOL., ZNE=FHLTRETINEZIEDLZ ENTX S,
ZEfErv=0Qn-1 A2 = A 4 a), ZHARE Zv(x) = a1 X" T+ ap_x" 2+ +

axi+tax+agk 58 LT E2MERT D,

The codeword polynomial u (x) is divided by the generator polynomial g (x).
That is, u (x) =X (x) g (x). Therefore, if the root of g (x) is a, u (a) =
X (a) g (a) =0, and this can be used to create the corresponding check
matrix. If the received word isv = (a_ (n-1) &a_ (n-2) & -~ & a_2 & a_1 &
a_0), and its polynomial expression isv (x) =a_ (n-1) x = (n-1) + a_ ( n-
Dx " (n-2) + - +a2x " 2+alx+al0 then the following is calculated.

v(a) = a1+ a,_a"?+ -+ aalt+aata; =0

ZHUILL FoXERETH D,
This is equivalent to the following equation.

vHT = (An-1 QAn-z = Gz a1 Q)
1

WoT, H= (a1 ™2 ... g2 gl 1)ThHD, TOMIIIBBEHIUX, TNHYIETLH L L
5,

Therefore, H=(a ~ (n-1) & ¢ ~ (n-2) & ~& o ~2& o ~ 1 & 1). If the
generator polynomial has other roots, they are also |isted.
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Bl1 GF23) LEoFEHEZHEAp(x) =x3 +x+ 1054, FibREzal 7L, a®+a+1=0, £k
ZHADNaz R E L TROHAE O/ SEHEA GRASID 13 uw(@) = aga® + asa® + aga* + aza® +
e’ +aa+ay=0TH5, a®2E% 2 0 TREATNE, METIZUTOLIIZE TS, (7.
1. 2 3ROFIZHI)

Example 1

Let us assume the primitive polynomial p (x) =x ~ 3 +x+1onGF (2~ 3).
If its primitive root is a, then « ~ 3+ a +1 =0.

For the case when the generate polynomial has « as the root, the coding rule
(checking rule) isu (o) =ab o "6+abaoa b+adaoa 4+al3 a3
+a2a 2+ala+al=0.
By replacing o ~ 6 by its binary vector expression, the check matrix can be

written as follows. (See the example of a cubic primitive polynomial in
1.1.2)

_ o R
=
RS GSN
= o
oo R
o R o

(=]
N——

#l2 GFR® LEDFHZHEXp(x) = x3+x2 + 1054, FitRzal THIE, a®+a?+1=0,
OAEZEHANaz B E LTRSS O SLHR (BRAEFDD X, u(a) = asa® + asa® + aza* +
aza® + a0’ +aa+ay=0CThH 5, a®2 % 2 L CTRERMTIUL., MEITIIZUTO L O IZEIT S,

Example 2

Let us assume the primitive polynomial p xX) =x "3 +x "~ 2+ 1onGF 2~
3).
For the case when the generator polynomial has a as the root, the coding
rule (checking rule) isu (o) =a b a "6+abao bH+ada 4+a3
@ "3+a2a  2+ala+al=0
By replacing @ ~ 6 by its binary vector expression, the check matrix can be
written as follows.

O R
=
=
_ O R
oo R
o R o

_ o o
N——
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Q&R ZHEA D a, a3 %R E L TRYHAIR, T LD,
(2) If the generator polynomial has o« and o ~ 3 as roots, it means the
fol lows.

u(a) = aga® + asa® + a,a* + aza® + a,a? + aqa +a, =0

u(a®) = aga'® + asa’® + a,a'? + aza® + a,a® + aa® +a; =0

a®7p &% 2 u TR IUEL, RETHIZLTOL S ICET D,

By replacing a ~ 6 by its binary vector expression, the check matrix can be
written as follows.

H:(a6 a®> a* o a? ot 1)=(a6 a® a* o a? at 1)
a'® a®® a2 a® a® a® 1 a* at a® a?® a® a® 1

1 01 1 1 0 O

111 0 0 1 0

101 1 1 0 0 1

10 0 1 110

\1 1 1 0 1 0 0/

1 01 0 0 1 1

#13 GFRY LEDOFHRZENp(x) = x4+ x + 10545, FibRE2al 300, a*+a+1=0,
OAERZHEABaz R & L TROHE (a,a?, at, a® ZRIZFFD) OFF LAl AR 1%,
u(a) = agpa™ + ajza®® + ajat? + ajat! + a0’ + aga® + aga® + a;a” + agal + aga® + azat +
asad + ay,a® + a;a + ag=0

THHDOT, METINILLT &2 D,

Example 3 When the primitive polynomial p (x) =x ~ 4+ x + 1 on GF (2 ™ 4).
If the primitive root is a, then « ~ 4+ a +1 =0.

(1) When the generated polynomial has « as the root (also having o, a ~ 2,
a "4, « ~ 8 as the roots), the coding rule (checking rule) is
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u(a) =alda " 14+al1l3a " 13+a12 a " 12+all a 11 +al0 «
“"10+a9« "9+a8«a " 8+ala " T+abao 6+abao b+ad
a " 4+a3 o " 3+a2a 2+ala+al=0

Therefore, the check matrix is as follows.

H — (a14 a13 0{12 all alO (19 (18 Of7 aé a5 Of4 Of3 sz al 1)
1111 010110010 00
_ 01 1110101100100
0 01111 010110010
111 01 0 1 1 0010001
aladuiR e LTROHE (q,a? a3 at,ab ad a® a? HIRICED) OMREITINL, LT TH D,

~

(2) When @ and ¢ ~ 3 are rooted (a, @ "2, o« "~ 3, a "4, a "6, «
8 o =9 a " 12 are also roots), The check matrix is as follows.

u(a) = agga™ + ajzat® + ajat? + ajat! + a0l + aga’ + aga® + a;a” + agal + aga® + azat +
asad + ay,a® + a;a + ag=0
u(a®) = apa*?® + a3a3° + a,a36 + a1a33 + a0 + aga?’ + aga®t + a;a?t + agal® + asa®
+ a,al? + aza® + aya® + a;a® + a,
=a,4a% + a;3a° + a;,a® + a3 + a0 + agal? + aga® + a;a® + aga® + asa® + azat? + aza® +

a,a® + a,a® + ay,=0

u (0:14 a3 a2 gl g 4% 4 a7 a® a8 a* « a? ot 1>
a®? a3 a3 a3 a3 a?7 a?* q?l o8 15 @2 o9 af a3 1
1111010110010 00
0111101011001 O00
001111010110 010
/1t 110101 1001O0O0O01
{11 1101111011110
1 01 001O01O0O0T1TO0T1TTO0FO
11 0001100011000
1 0001 1000110001
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(6) FhzmEA (GBE)
(6) Minimal polynomial

BCH ###5%7 2 B3/ a5,
The minimal polynomial is used when constructing BCH.

[/ N2
GF(p™) LOmMRDJFIEZIEX EZp(x) T 5, ZOR (FEEIR) Zal 35, 37205, p(a)=0 TH
%, q(B)=0(B €GF(™)) %iii=9GF(p) LOZIEAX DO CRE D /D H Dq(x)%GF(p) LD
x4 5 E N A L S,

[Minimal polynomiall]

Let p (x) be a primitive polynomial of order mon GF (p ~ m).

Let o be its root (primitive root). That is, p (o) = 0. Among the
polynomials on GF (p) that satisfy g (B) =0 (B € GF (p " m)), the
polynomial with the smallest degree q (x) is called the minimal polynomial
for B on GF (p).

#l1 GFR}NLEDFMZEApX) =x}+x+1%2E 2%, A7, FEBRzal THIE, a®+a+
1=0, a’=1, ZZT., q(B) =0(B € GF(2))&i7=dGF(2) LD/ ZHEX %KD 5,
GF(2®) ={0,1,a,a? a® a* a®a®}THLINE, TNENNLOBEME 2 VIS,

Example 1 Consider the primitive polynomial p xX) =x ~ 3 +x+1onGF (2~
3). Its cycle is 7. If the primitive root is &, then « "3+ o +1 =0,
and o ~ 7 =1. Here, let us find the minimal polynomial on GF (2) that
satisfies q (B) =0 (B € GF (2 ™ 3)).

Since GF 2 " 3) = {01, o, « "2 a "3 «a "4 a "5 a 6}, each
element can be a candidate for f.

21 2023-07-26



B=0:q(x)|x= =0 q(x) =x
B=1:q()|y=1 =0 gx) =x+1
B=a:q(x)|y= =0 gx)=x3+x+1=p)

B=0%q)|=a2=0 q(x)=x>+x+1=px) 2
B=0a%q@)|ear =0 qx)=x3+x2+1 X3
B=a*qxX)|y=etr =0 qx)=x3+x+1=p) x4
B=0a%q(x)|yeqs =0 qx)=x3+x2+1 X5
B=a%q(x)|yeas =0 qx)=x3+x2+1 X6

X2 a®+al+l=(a+1)?+a?+1=0

3 a®+at+l=a’+a’*+14+1=0

X4 al?’+at+l1=d’+at+1=c*(a@a+D+a*+1=a®+a’+a’?+a+1=0
%5 aS+al®+1=a'+a®+1=0

%6 a®+a?+l1=a*+a’+1=0

B2 GFQR}LEDFMEZHEAp(X) =x3+x2+1%2% 25, B 7, FsBRZal THIE, a® +a?+
1=0, 22T, q(B) =0(B € GF23)) &iiil-TGF(2) LD/ HXEKD 5,
GF(2®) ={0,1,a,a% a3 a%a’ a®} CHLMN L, ZTNENRLOBEME 2 ED,

Example 2 Consider the primitive polynomial p xX) =x ~ 3 +x "~ 2+ 1 on GF
(2~ 3). Its cycle is 7. If the primitive root is a, then ¢« ~ 3+ a ~ 2 +
1 =0. Here, let us find the minimal polynomial on GF (2) that satisfies g
(B) =0 (B = GF (2~ 3)).

Since GF 2 " 3) = {01, o, @ "2, a "3, o "4 a5 a 6}, each
can be a candidate for fS.

B=0:q(x)|x= =0 qx) =x
B=1:9() |y =0 gx)=x+1
B=a:q(x)|x=q =0 gx) =x*+x>+1=pk)

B=0a%q@)|yeaz=0 qx)=x3+x2+1=p() X2
B=0a%q@)|year =0 qx)=x3+x+1 X3
B=a*q(@)|yeat =0 qx)=x3+x2+1=p() X4
B=0a%q@)|yeqs =0 qx)=x3+x+1 X5
B=a%q(x)|yeas =0 qx)=x3+x+1 X6

%2 a®+at+1=(@*+1)’+a*+1=a*+1+a*+1=0

%3 a’+at+1=a?+a%+1=0

X4 a?+af+1=a’+at+1=a?@+D+at+1=a*+a’+at+1=a(@®*+1)+a’+a+1=0
%5 a+aS+1=at+a®+1=0

X6 a®+a®+1=a*+a®+1=0

B3 4D

il GF2*) EOFHEZEAp(x) =x* +x+ 12525, A1 5, FiaREZal THIE, a*+a+
1=0, a®=1, 22T, q(B) =0(B € GFRN &= TGFQ2) Lo/ EXEKD 5,

GF(2*) ={0,1,a,a? a% a* a® a’ a’,a a’ a'® a't, a'?, a3, a'*y TH LD, TINEINBOWER &
g5, (7. 1. 2 4KROHFESBMR)

Example 3 4th-order primitive polynomial

Example: Consider the primitive polynomial p (x) =x "4+ x+ 1onGF (2~
4). Its cycle is 15. If the primitive root is @, then @« "4+ a +1 =0,
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o ~ 15 =1. Here, let us find the minimal polynomial on GF (2) that
satisfies g (B8) =0 (B € GF (2 ™ 4)).

Since GF 2 " 4) =01, a, a "2, a "3 a "4 a5 a 6 a T,
a "8 a9 o 10, a " 11, a " 12, a " 13, a " 14}, each can be a
candidate for B. (See 7.1.2. 4 Example of a 4th-order primitive polynomial)

B=0:9(x)|y= =0 gx) =x
B=1:q()|y=1 =0 gx)=x+1

B=a:qx)|=e =0 gx)=x*+x+1=pkx) X1
B=a*q()|y=a2=0 q)=x*+x+1=p() *2
B=0a%q@)|ea3=0 qx)=x*+x3+x2+x+1 X3
B=a*qxX)|y=etr =0 qx)=x*+x+1=px) x4
B=0a%q(x)|yeqs =0 qx)=x>+x+1 X5
B=a%q(x)|yeas =0 qx)=x*+x3+x2+x+1 X6
B=a":q(xX)|year =0 qx)=x*+x3+1 X7
B=0a%q(X)|x=es =0 qx)=x*+x+1=p(x) *8
B=0a%q(x)|eer =0 qx)=x*+x3+x>+x+1 %9
B=aq(x)|ymqro=0 qx)=x>+x+1 *10
B=a:q(x)|y=q11=0 qlx)=x*+x3+1 *11
B=a'2q(x)|ymqiz=0 qx)=x*+x3+x2+x+1 *12
B=aq(x)| ez =0 qx)=x*+x3+1 *13
B=aq()|yeqs =0 qgix)=x*+x3+1 %14

%2 ab+a’+1=(a+1)?+a’+1=a’+1+a?+1=0 (0101)+ (0100) + (0001) =0
%3 a?+a’+a®+ad+1=(1111) + (1010) + (1100) + (1000) + (0001) =0

X4 a®+at+l=al+a*+1=0

%5 a®+a®+1=(0111) + (0110) + (0001) = 0

X6 a*+a®+a?+a®+1=a’+a®+a?+a®+1=(1010) + (1000) + (1111) + (1100) + (0001) =0
X7 a?®+a'+1=a¥®+a®+1=(1101) + (1100) + (0001) =0

%8 a**+at+1=a?+a®+1=(0100)+ (0101) + (0001) =0

%9 a*+a¥+a®+a’+1=a’+a?+al+a’+1=0

%10 a?’+a®+1=a’+a®+1=0

11 a** +a®* +1=a' +a%+1=(1001) + (1000) + (0001) = 0

%12 a®+a*+a+a?+1=al+a®+a’+a?+1=0

#13 a?+a*+1=a’+a’+1=(1011) + (1010) + (0001) = 0

14 a**+a*?+1=a''+a'?+1=(1110) + (1111) + (0001) = 0

(7) 85 GEE)

BCH 55 DEZFIZIE, ==Y N—Lh T —<vi— EUOHERERHD, ITIE
E—2 =Y OIFEICHR > TV D,

£ H6E6. 3. 61T L 2RRYETIERREBCH(5, 7)fF5 &2 FIZ#HIT 2,

(7) Decode BCH code

There are some methods such as Peterson, Barre Kampoo Massy, and Sugiyama
for decoding BCH code. The following follows Peterson’s method.

The two error-correctable BCH (15, 7) codes shown in Chapter 6, 6.3.6 is an
example.
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LA p(x) =x*+x+1 ZOWRZEZalTHIE at+a+1=0
ARSZEA g) =@ +x+ DO +x3+x2+x+1)

Primitive polynomial p (x) = x ~ 4 + x + 1 If this root is «, then ¢ ~ 4 +
a+1=0

Generator polynomial g (x)

X "4+ x+1) X 4+x " 3+x " 2+x+1)

EEFFEu) ZEEL, iy FEEJEY FEREST, v(x) 22E LT 5,
2 FOFEVIT e(x) =xt+x] LRETXZD,

S; =v(a) =u(a) +e(a) =e(a) =a‘ +a’ -« (K1)

Sy =v(a®) =u(@®) +a’ +a¥ = a® + a¥
IRBEY, dad =a™) =2 457 cee (R2)
1

X1, X2z LT, i,jzRkDD,

Suppose that a codeword u (x) is transmitted and v (x) is received where the
i—-th and j-th bits get flipped to be errors

The 2-bit error can be expressed as e (xX) =x ~ i +x ~ j.

The syndromes S_1 and S_3 are calculated as fol lows.

S1=v (a)=u(a) +e(a)=e(a)=a " i+a  j+ = = (Equation
1)

S3=v (e " =u(a " N+a " 3i+a " 3j=a 3i+a  3j

From these, o« " i a "~ j=a "~ ((+])) =S8S3/81+ [S1) "2
(Equation 2)

Equations 1 and 2 are combined to obtain i and j.

4. v(x) = (111000011110010) = x™* + x3 + x2 + x7 + x6 + x5 + x* + xZZE LI LT 5, &
Y Ru—aZEHETS, (7. 1. 2 4ROHFZBR)

For example, suppose that v (x) = (111000011110010) = x ~ 14 + x ~ 13 + x ~
12+x " 7T+x  6+x " 5+x" 4+ x is received. Calculate the syndromes.

(Also see 7.1.2. Example of a 4-th order primitive polynomial)
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S;=v(@=a+a®+a?+a’+a®+a®+a*+a=(1001) + (1101) + (1111) + (1011) +
(1100) + (0110) + (0011) + (0010) = (1011) = a”
S;=v@)=a¥?+a* +a*+a?'+a®+a®+a?+ad=a?+a’+a®+a’+a’+1+a'?+
@3 =a®+1 = (1010) + (0001) = (1011) = a’
7

S a
5—3 + 512 = ?—F a’”? =1+ a'™ =(0001) + (1001) = (1000) = a3
1

koT, X1iF al+al=a’, K21F, adlad =a@D =q® L7V, i+j=3 TH?,
INERWNT, i=5, j=13 &koHbhd, (BRY7-D LTHZORERLITIRS)

Thus, Equation 1 is ¢ ~ i+ o = j=a ~ 7. Bquation2 is o "~ i a " ] =
a  ((G+]J)=a "3 and i+ j=3.
By solving this, i =5 and j = 13 are obtained. (As far as this example, the

exhaustive search can be possible.)

—RACIE, Y Fa—A T OBMY EFRERXEZ LT TROS, K EEEID)
In general, solve the following error position equation.
0(z) = (1—al2)(1 - al2z) - (1 — aliz)
7elZl, 0<j; <j,<ji. L<t, ZZMBIROFREADPSLHUED); Z%ET 5,
JAFED 2RV FTIERIHE BCH(15, T TlL, 2RRVFTIERRECTHHLDT, t=2, j1 =1, j, =
joEeThuR, BROALEGBRIFLI T 7D,

where, 0 £ j 1< 2 ~<j_Il, | £t. The | equations enable to identify j_i.

For the 2-error correctable BCH (15, 7) code, t = 2. Let j 1 =i and j 2 =
j, the error position equation is as fol lows.

0(z2)=(1-a'z)(1-a/z)=1-(a' +a’)z + at+)z?
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v Ra—2AS,, S3hb, A0 ALE AL,

From syndromes S_1 and S_3, the equation is derived as follows.
_ S3 2y,2
0(z2)=1-Sz+ (=+ 5z
S

v(x) = (111000011110010) = x™ + xB + x2 + x7 + x® + x5 + x* + x 2 ZE LSBT, U T &7
Do

When v (x) = (111000011110010) = x ~ 14+ x ~ 13+ x " 12+ x "7 +x "~ 6 + x
"5+ x " 4+ x is received, the error position equation is as follows.

0(z)=1—a’z+ a3z?
ZDORDzIZaDREFERATHE, LUT L7225,

Substituting each power of a into z in this equation gives:

cD)=1-a’+a®=«a

cla@)=1—-a’a+aa?=1+a+a’=a

o@®)=1-a’a?*+a*a*=1+a’+a’ = (0001) + (1010) + (1011) =0

@) =1-a’a®+a%a®=1+a'®+a®=(0001) + (0111) + (1010) = (1100) = a®
cgla)=1-a’a*+aa®=1+a'l+alt =1

@) =1-a’a’+a3a® =1+ a'?+a®® =(0001) + (1111) + (1101) = (0011) = a*
ga®)=1-a’a®+a3a?=1+a®+1=a®3

ogl@)=1—a’a’ +a3a'* =1+ a'* + a? = (0001) + (1001) + (0100) = (1100) = a®
o@®)=1-a’a®+a3a®=1+1+a*=0a*

o@)=1-a’a’+a%a’® =1+ a’+a® = (0001) + (0010) + (1100) = (1111) = a*?
o(al®) = 1—a’a'® +a3a? = 1+ a2 +a® = (0001) + (0100) + (0101) = 0
cl@M)=1-a’a* +ala?* =1+ a®+a'® = (0001) + (1000) + (0111) = (1110) = a'?
o(@?)=1-a’a?+a*a®* =1+a*+a' =(0001) + (0011) + (1111) = (1101) = a3
g@a®) =1-a’a®+a%a? =1+a®+a'* =(0001) + (0110) + (1001) = (1110) = a*
c@™=1-a’a™ +aa?® =1+ a® +a' =(0001) + (1100) + (0010) = (1111) = a'?

ZInb, o(@)=1-a’z+a?z?=1—-a22) 1 —a%2) =1 -a®2)(1 - a®2)
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EOMRTE, MONEDNFFETE 5,

From here,

o @) =1-a " Tz+a 3z 2=0-a "  (-2)2) d-aa = (-10) 2) = (-«
"132z) (I-a "5 z2),

we can specify the error positions

(8) BCH Di/MiRHfE (&)
(8) Minimum distance of BCH

BRARRT B LT di/ BBy 0 & SR ERE S AU 7 5 D SN i o1 5. OIME 1 (K TF
L. ding < dmina & 7850 SAUTNT £ T, BEIGIC T X 2 B SIHAOEGT 5~ % OB
BNED BT Th b,

The minimum distance at design d_min_d and the minimum distance of the code
finally created d_min_a are sometimes different depending on the initial
value |, since | changes the number of roots of continuous power.

(d_min_d <= d_min_a)

/NEREd i, =38 LTREMT 2562525, FGSEAZx +x+ 14895,
AR EAE L TIORT,

Let us consider the case of designing with the minimum distance d_min = 3.

Let the primitive polynomial be x = 4 + x + 1.
The generator polynomial is shown below.
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I+dmin—2
MM=[IT (x—a)[A(x) (H1)
i=l
9(x) = LCM (MyGO), M1 (), Myt g2 () ) (X 2)

l+dpn—2=1+3-2=1+1

WL ONPDUZRF LT, R1ICABIRE . 2 DI, BT ER S5 R/ NEREL DL TSRS,

For some |s, roots in Equation 1, the terms in Equation 2, and the minimum
distance finally achieved are shown below.

l L+ dppin — 2 X1 OB X2 DIH 0§ iDbAS S ZAN L
| I + dmin-2 roots of eq.1 terms of eq.2 final min distance

0 1 1,a,(a?) Mgy, M, Apin = 4
1 2 a, a? M, M, Amin =

2 3 (a),a%, a3, (a®) M, M, dmin =5
3 4 (), (a®),ad,a* M;, M, Amin =5

O 1E, BERMCMDO AR TREPNEGEL TWDHEDTH S,
Roots in () show the ones finally added with continuous power.

=208 %3F L<#MT 5, N1ITHE>T, BERBOHEZDORED 2FOHEDOIELRD D,
Let us see the case of | = 2 in detail.

According to Equation 1, the product of the terms with of required roots and
the term with the squared roots is as follows.

ax)=(x+a®>)(x+a?)-
(x+a®)(x+aH)(x+a®)(x + a'®)-
(x+a®)x+a®)(x+ a®)(x + a?H)(x + a*®)

FoT, ERBZEAILIT E 2D,

Therefore, we obtain the generator polynomial.
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g =0+ x+a>)x+a>lx+a)x+a®)x+a®)x+a)(x+a'?)=x8+x" +x°+x*+1

a, a?, a3, a* DEFHELTEY ., &NEBEd, 0L 5 £70D, OFEY, dy, =3 HiE L TEF L
D, dypin = SO E, T7ebb, 28V ETERRE BCH15, D51 T& 5,
K2 Dg(x) = LCM(M,(x),M3(x))  THIAI LRI DD,

a, o 2 a 3 «a ~ 4 are continuous, so that, the minimum distance
d_min is b.

Although aiming at d_min = 3, the final d_min = 5, which makes 2-error-
correctable BCH (15,7).

The same result can be obtained with g (xX) = LCM (M2 (x), M3 (x)) (eq.2).

M,(x): a?% MR & ¥ 2 i/ A — > FIG 2 HEAM, (x)
My(x): a3 %R ETHHR/IZHEA—>xt +x3 +x2+x+1

M_2 (x): Minimal polynomial whose root is @ ~ 2-> Primitive polynomial M_1
(x)
M3 (x): Minimal polynomial whose root is @ ~ 3> x "4 +x "~ 3+x " 2+x

+ 1

g(x) = LCM (M, (x), M5(x)) = LCM (M (x), M3(x)) = (x* + x + D(x* + x> + x2 + x + 1)
=x8+x7+x0+x*+1

I =3D%451E. g(x) = LCM(M3(x), My(x)) = LCM(M, (x), M3(x)) Toh V., l=2LF— O/ 5135
bihvd,

I=005AF. g)=(C+DEx+a)x+a?)x+at)(x+a®)THY . dy, = 40015, 1055 & 72
Do ZOFFIEL, L =1Ddy, = 3O/ 5 DOERZHENUZ(x + DO Mbb > T, NV T By M3
P f5 5 &7 5,

In the case of | =3, g (x) =LCM M3 (x), M4 (x)) =LCM M1 (x), M3
(x)), and the same code as | = 2 can be obtained.

When | =0, g (x) = (x+1) x+a) x+a "2 x+a 4 x+a 8,
and d_min = 4.

This is a (15, 10) code, that is added by a parity bit to a code with I=1,
d_min=3.

The generator polynomial is also added by a term (x + 1).
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FELDHLELTERD,
The summary

! L+ dpin — 2 N E DT DR LCM DIF A& 7 e/ N R E
| | + d_min-2 roots with continuous power LCM terms final min distance

0 1 1, a, a? My, M, dmin = 4
1 2 a, a? My, M, Amin =
2 3 a,a?, a3 at My, M3 Ainin = 5
3 4 a,a?, a3, a* M3, M, dinin = 5
4 5 a,a? | a* a® My, M5 dmin =3
5 6 a®,a® | a’ at? Mz, Mg dmin =3
6 7 all g2 13 g4 M, M, doim =5
7 8 a,a?|a’,al | a3, al* M, Mg dmin =3
8 9 a,a?, a3 a* Mg, My dinin = 5
9 10 a’,a®|a’ al® Mo, My, dmin =3
10 1 a0, a1 | @13, a1t My, My,

1 12 11 412 413 14 My, My, doim =5
192 13 all g2 13 g4 Myy, My doim =5
13 14 als, att M3, My, dmin =
14 15 a?,a'ta'® =1 M4, My dmin = 4

728, LCM(M;3(x), My(x)) = LCM(My(x), M5(x)) B35 K912, RIS _RENEFE L TV D
BT, BIZAE, LCM(My(x), Me(x)) = LCM (M (x), M5(x)) TH Y. a* a®%iRE L TROAE

ZHAND S dipp = 5D 2740

STIEAEE BCH5,DHF R TE 5,

Note that as you can see from LCM (M_3 (x), M4 (x)) = LCM (M_1 (x), M_3
(x)), powers of roots are not requisite to be continuous.
For example, since LCM (M. 4 (x), M6 (x)) = LCM (M1 (x), M3 (x)), the

generator polynomial whose roots are o« ~ 4, o ~ 6 also generates 2 error

correctable BCH (15,7) code with dmin=5.

F o, AR EAXICFIEZAANE END DIE, REPHEET HXMIC, a a?,at,a®DVFT 0
NEENDILGAETHD, Bl l=6DHA. all,a'? a3, a PR T AW THY . a,a? a*, abl
BENTWRN, HE-o T, AZEAUTIE, FEEZIILE T,
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In addition, the primitive polynomial is included in the generated polynomial
as long asanyof o, o« ~ 2, « "4, and @ ~ 8 is included in the interval

where the powers of roots are continuous. For example, when | = 6, a ~ 11,
@ " 12, o "~ 13, and o ~ 14, are continuous roots, and either o, a ~ 2,
@ "4, or @« ~ 8 is not included. Therefore, the generated polynomial does

not include the primitive polynomial.

g(x) = LCM(Mg(x), M7(x)) = LCM(M3(x), M;(x)) = (x* + x3 + x2 + x + D) (x* + x3 + 1)
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7. 2 J—FJu®EH5
7.2 Reed-Solomon code

7. 2.1 RS
7.2.1 Introduction to Reed-Solomon code

- 1960 4FLH|C Irving Reed & Gustave Solomon 235 %2
- K[EIRF 7 D —Filk
cAFFUERE U — K« Y R U/ SO
https://www.jstage.jst.go.jp/article/essfr/5/1/5 1 28/ pdf
- GF(2™) L CIEREE1T D,
- ZHAOFEIC IR IEE WS (%ﬁﬁ%%ﬁﬁ%@f@ﬁﬂ?%ﬁ?éo)
- fHHRAA Mk, PR RS B Eﬁ/J FRBEd i ARV ETIERE I OBR

k=n—dpy,+1 dpin =2t +1  n=k+dpy—1=k+2t

- Invented by Irving Reed and Gustave Solomon around 1960.
- A type of cyclic code.
— Perform operations on GF (2 ~ m).
- Use an extension field for coefficients of polynomials. All coefficients
are expressed by using root a of a primitive polynomial.
— When number of information bytes k, code length n (byte), minimum distance
d_min, and error correction capability t, relationship between these numbers
is as follows.

k=n—dpn+1 dpin =2t+1  n=k+dpyy—1=k+2t

l+dmin—2

G(y) = 1_[ (y—at) = nHZt 1(y at) (K721

UIEE OGRS, Slix 0 /203 1 258305, SOHFHEE H SR B IEREEYS
p.156 TiL, R Ll = 0OBRETOEMERH D &S TWnD, )
#2EBCH%%‘n—q—l@%ﬁk%azéoﬁﬁL\qiiﬁ@&%%Tﬁéo%.ﬁ=8

kB DG HEE B Ly, L L EH T D2 E X KB (A R)

Do 1220, 2O OFERILFLIZGFR™ DL s T %,

(%7515, m LIEADRaD & RTEBAETH, [mE2E ] [mERE ] .. ..
TEWCHEE) ., 22T, L= (et c)E L. D le-1 T2 Lo

mbty b A FERBT D, mB 8L TH - T RSFF 5 TIT NS FEFES, /A FHIZFRY M
1



HELTEGAIE. 131 PRV EE9, GRUV2ZN 1 Ey b ThbmEy FTH) ., RSHFFIT/ N1 FEY

FTIEA DV EMICRIGTIET 2/ 5 CTho Eb 5420, —FH. KBS ERERAL LTS,
LTk, BRI stz e LT, Al THREST 2 HETHIT 5,

- Generator polynomial of RS code is ;

G(y) = Hdm‘” 2(y —ab) = [Ty — a) Equation 7.2.1)

Where, | is an arbitrary non-negative integer. Usually O or 1 is chosen for

l.

- Consider encoding k information symbols 1 _ (k-1), ~ 1.1, 1.0. These
information symbols are elements on GF (2 ~ m). (Note that each element
can be represented by some power of a root o of a primitive polynomial).
That is, I_i = (c_ (m-1), ~, c¢_1, ¢_0), and this m bit is referred to as a
byte. Even if m is other than 8, it is called a byte in RS code. If an
error occurs in a byte, it is said to be a 1-byte error. (Whether the
error is 1 bit or m bits). RS code efficiently detects and corrects byte

errors.

In the following, we see RS coding mainly by the method of dividing by the
generator polynomial.

7. 2.2 VU—FR-YVav 45 BRG]
71.2.2 Reed-Solomon code; An example

UTFTiE. n=2m-1, l=0%2%%x%,
(1) m=30%E4ES n=2m—-1=7 (T34 MZEE)

1—1)

c GFQR)D LOFEHLZHEAp) Ep(x) =x3+x+1& L, ZOWRZalT5H, Thbbal+a+1=
Oo

In the following, consider n =2 " m-1 and | = 0.

(1) Whenm=3n=2" m1

1-1)

- Letp (xX) =x "3+ x+1beaprimitive polynomial on GF (2), and let the
root of p(x) be a. That is, "3+ a +1=0.

7 (note 7 bytes)



ZHEA R PARBL aNEREL

0 000 0
1 001 1 =q"
x 010 o =q!
x+1 011 a+1 =q3
x? 100 a? =q?
x> +1 101 a?+1 =q®
x% +x 110 a’+a =q*
x> +x +1 111 a?+a+1 =q5

JERIKIZGF (23) = {0,1,a, a?, a3, a*, a®, a®}

Polynomial vector expression a power expression

0 000 0
1 001 1 =q"
X 010 a =q!
x+1 011 a+1 =q3
x? 100 a? =q?
x> +1 101 a?+1 =q®
x? +x 110 a’+a =q*
x% 4+x +1 111 a’+a+1 =q°>

From a3+ a+1 =0, we use
at=a+1
at=ala+1)=a’+a
a’=a(@*+a)=a+a’?=a+1+a?
a®=a@+a+1)=a’+a’+a=a+1+a’+a=a?+1
The extension field is GF (2 " 3) = {0,1, a, @« "2, "3, a "4 «a "5,
a " 6}.

1—2) n=2m-1=7 ThHDOHDOT, nktOMAGOEIL UTHRHS,

n k 2t t

7 5 1 (7,5
7 3 2 (7,355
7 1 3 (1, V%5

1-2) Since n =2 " m-1 = 7, there are the following combinations of n, k, and
t.

nk2tt

7521 (1, 5 code



7342 (7, 3) code
7163 (7, 1) code

1—3) BRSO HE
1-3) Specific coding method

WE1 (73)%B m=3n=7k=31t=2 JFIELERX) p(kx)=x3+x+1D%HE
Oty FRINZ 3 EY Mm=3)FT o0 3@k =3)D7av7 (A F) ZHFT5, HlziE
4 k 001010 100 k = 3{8 (S (F)
HHASA b 1 at a? A ‘
AAPER 1 2 3 | |
O A & BERTERT 5. Lot JI stob JI seob
1Y) = Ly Y 4+ o+ Ly + Iy = 1y% + a'yt + a?y° I, I Iy

Example 1: RS(7,3) code

m=3 n=17 k=3 t=2 whenprimitive polynomial isp (x) =x ~ 3 + x +
1

(1) Divide information bit sequence into 3 blocks (bytes) of 3 bits (m = 3)
each.

Information bit 001 010 100
Information byte la 1 a2
Byte number 1T 2 3

(2) Express the information byte as a polynomial.
1Y) = Ly '+ -+ Ly + I, = 1y* + a'y' + a®y°

@EKZERERD 5,
60) = Ty @) = [y — @) = &~ a0 — ) — )~ )
=y* +a?y® + a®y? + a®y* + af

OFMLENU(y) » y * 2 ERSERG(Y) TRELERY ZRD 5,
I(y) = Ik—lyk_l + ...Ily + IO = 1y2 + alyl + aZyO
r(y) =1) *y" ¥ mod G(y) = (1y% + a*y* + a®y®) * y* mod y* + a®y® + a®y? + a®°y* + a®

4



=a*y}+aby? +a’y+ad
(3) Calculate the generator polynomial.
GO =M y—a)=IFo(y—a) =@ -aDy—a)(y—a?)y - a®)
=y*+ a?y® + a®y? + a®y! + a®

(4) Find the remainder of dividing the information polynomial I (y) *y = (h-

k) by the generator polynomial G (y).
[Y) =Ly + Ly + 1 = 192 + aly! + a?y°
r(y) =1(y) *y" * mod G(y) = (1y? + a'y* + a?y°) * y* mod y* + a?y3 + a®y? + a®y* + a®

=a*y? + a®y? + a®y + a3

n=7/({f|~
' k=‘x‘3/i‘f(l~ \
L3evk | 3wk [ 3evk |[ 3wk [ 3wk | 3wk || 3wk |
I, L Iy Cs C, G Co
GUEXY., RSHFEED,
(5) Finally, we obtain the RS code.
fFHe >k 001 010 100
HEHRAAS 1 o a?
51 bk 1 a' a? a* a® a° ad
RS %535 001 010 100 110 101 111 011
NANES 1 2 3 4 5 6 7
Information bit 001 010 100
Information byte la " 1 a2
RS code in roots 1 a' a? a* a® a5 b
RS code 1in vectors 001 010 100 110 101 111 o011
Byte number 1 2 3 4 5 6 1

©@~®DRIDIE  (EkSZIHAZE IR D I 51E)
TFEREwzEw = (W, wy, -, wy,) = (I(@* 1), 1(@™2),-,1(1)) TRD 5,
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(6) Another method from (3) to (5) (method without explicit generator
polynomial)

Find the codeword w = (w_1, w.2, -, wn) byw=( (¢ = (1)), I (¢ = (n-
2), - 1 ().

1) = Iy V4 hy + 1o = 1y? + a'y' + a?y°
wy,=Iy=a®)=Iy=1)=L_ 1+ L +lj=1+a'+a?=a®=(111)
we =1y =al) =1a? +alal + a? = a? + a? + a? = a? = (100)

ws =I(y=a?)=1la*+ata’?+a?=a*+a®>+a?=1=(001)
wy,=1(y=0a3)=1a®+a'a® +a? =a® +a*+a? =a® = (111)
wy=Iy=a*) =1al +ala*+a?=a'+a®+a?=1=(001)
w,=I(y=a’)=1a+a'a® +a?=a®+a’®+a?=a=(010)
wi=Iy=a®) =1a?+a'a®+a?=a’+1+a?=a=(010)

fEHE > 001 010 100
tHH A 1 atl a?
HElkt% at at a® a® a® a? a®
RS #F75& 010 010 001 111 001 100 111
NAMNES 1 2 3 4 5 6 7T

Information bit 001 010 100

Information byte la "1 a2

RS code in roots at a' a® a® a® a?
RS code in vectors 010 010 001 111 001 100 111
Byte number 1 2 3 4 5 6 1

(2) m=408%45 n=2mM—-1=15

2—1)

HWEL L. GFRYHDO LD TH D, FIEZEXZp(x) =x*+x+1 L35, T7obba*+a+
1=0,



ZIEA KB X7 MVRBL aNEERDL
Polynomial expression Vector expression a exponentiation expression

0 0000 0

1 0001 1 =a°

x 0010 a =q!

x +1 0011 a+1 =q*

x? 0100 a? =q?

x> +1 0101 a’+1 =q®
x? +x 0110 a’+a =q°>
x? +x +1 0111 a’+a+1 =q10
x3 1000 a3 =q3

x3 +1 1001 a’+1 =qt*
x32  +x 1010 ad+a =q°

x> +x +11011 ad+a+1 =a’
x3 +x? 1100 ad + a? =q®
x3 +x%2 +1 1101 al+a’?+1 =q13
x3 +x% +x 1110 ad+a’+a =q!!
x3 +x% +x +1 1111 ad+a’+a+1 =a'?

GF(2*) ={0,1,a,a? a3 a* a® a® a’,ad a’ a'® al, a'? al?, al*}

2—2)n=2m-1=15

n k 2t t

15 13 2 1 (15,13)%%
15 11 4 2 (5,1D%%
15 9 6 3 (15, 9% %
15 7 8 4 (5, NH5
15 5 10 5 (15, 545
15 3 12 6 (15,355
n k 2t t

15 13 2 1 (15,13) code
15 11 4 2 (15,11) code
15 9 6 3 (15, 9) code
15 7 8 4 (15, 7) code
15 5 10 5 (15, 5) code
15 3 12 6 (15, 3) code



2 —3) HARM 5o b ik
2-3) Specific coding method

WmE (15, 1DHF S m=4n=15k=11,t =2, FIEZHEX 1 p(x) = x* + x + 1OHA
OFHE Y FRFIZ 4 By Mm=49T 20 11 ik =107y (A 8 58T 5, #ilx
i,
fE# >~ ~ 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000
HFEHWANA D a® a* a* a® ot a® a®® a® a® a® 0
NArEE 1 2 3 4 5 6 7 8 9 10 11
QWAL P ESHEXTEBRT D, k=ilbye 1= 15byte \

[ \
[(Y) = Ly P+ Ly +1, [abit | [4bit] [4bit] [abit] [abit] --- [4bit] [4bit] [4bit] [4bit] [4bit]
=a9y10+a4y9+a4y8+a13y7+a11y6+a8y5+a13y4+a3y3+a9y2+a8y1+0y0

Example 2: RS(15, 11) code
m=4 n=15 k =11, t = 2, when primitive polynomial isp (xX) =x "~ 4 + x
+ 1
(1) Divide information bit sequence into 11 blocks (bytes) (k=11) of 4 bits
(m = 4) each.
Information bit 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000
Information byte o«° a* a* a®® a'' a8 a'® a3 a° a® 0
Byte numbr 1 2 3 4 5 6 7 8 9 10 11
(2) Express the information byte as a polynomial.

[(y) = Iyt + Ly +1o

= a®y10 + aty? + aty® + a3y7 + allyb + a®yS + a3y + a®y® + a%y? + alyl + 0y°

QLA KD D,
G =T (y—a) =Ty —a') = —a® )y —a )y —a?)y - a?)
=y* +al?y3 + aty? + yl + b
OFHRZHEAI(y) « yV AR HAG(y) THRE LR ZRKD 5,
1Y) = Ly + Ly + 1
— a9y10 + a4y9 + a4y8 + (Z13y7 + a11y6 + a8y5 + a13y4 + a3y3 + a9y2 + a8y1 + OyO
r(y) = 1(y) * y"* mod G(y)
— (a9y10 + a4y9 + a4y8 + a13y7 + a11y6 + a8y5 + a13y4 + a3y3 + a9y2 + a8y1 + OyO) % y4-
mod y* + a'?y3 + a*y? + y1 + a®
8



— 0{13_')/3 + 0{13_')/2 + aOy + alO

(3) Calculate the generator polynomial.
GO =M y—a)=IFo(y—a) =@ -aDy—a)(y—a?)y - a®)
— y4 + a12y3 + (Z4y2 + yl + 056

(4) Find the remainder of dividing the information polynomial I (y) *y = (h-
k) by the generator polynomial G (y).
I(y) = Loy + Ly + 1
— 6(9_')/10 + 6(4_')/9 —+ 6(4}/8 + (Zl3y7 + a11y6 + a8y5 + a13y4- + a3y3 + a9y2 + a8y1 + OyO
r(y) =1(y) *y"* mod G(y)
— (a9y10 —+ a4-y9 —+ a4-y8 + a13y7 + a11y6 + a8y5 + a13y4- + a3y3 + a9y2 + a8y1 + OyO) % y4-
mod y* + a'?y3 + aty? + y1 + a®

— a13y3 + a13y2 + aOy + alO

G EXD
(5) Finally, we obtain the RS code.

AI~ 3‘5&/\‘4’ ]\ (Z9 a4~ (X4 a13 all a8 (X13 (Z3 a‘) a8 0

13 3 9 a8 0 a13 a13 aO alO

a a

[ﬁt%,ﬂ:fﬁ a9 a4 0(4 a13 all a8 a
RS #7538 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000 1101 1101 0001 0111

INANE 5 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Information bit 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000
Information byte a’ a* a* a®® al a® a®® a® a® a® 0
RS code in roots a’? a* a* a® ! a® a®® @ a® a® O al? g1

0 10

a a
RS code in vectors 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000 1101 1101 0001
0111

Byte number 1 2 3 4 5 6 7 8 9 10 11 12 13

14 15

©~@DRIDHE  (ESZEAZ I RD IRV HE)
FFaiEwEw = (W, wy, -, wy,) = (I(@™ 1), I(a™32),-,I(A) TRD 5,
9



(6) Another method from (3) to (5) (method without explicit generator

polynomial)
Find the codeword w = (w.1, w2, - wn) byw=( (¢ = (1)), I (¢ = (n-

2)), - 1.()).

[(y) =Lyt + Ly + 1o
= %10 4 oty 1 aty® + a3y7 + allyS + a®yS + al¥yt + a®y® + a%% + aByl + 0y°
wis=1(y=a’) =1y =1 =L +L+I
=a’+at+at+aP+all+al+a®+a+a’+a®+0
=a'+a’=a’+a’+a+a®=a?+a=a®=(0110)
Wi =I(y = a') = L@@ D& D 4 a4,
= [,,@(15-1901-D) | [ (5-19(11-2) | .4 [ (5-19(1-10) 4 [
= Loa'® + Iha® + Iga® + L;a” + Iga® + Isa® + La* + ;a3 + La? + La' + I,

=aa’® + a*a® + a*a® + aB3a’ + alla® + ala® + alPa* + alad + a’a? + ala’ + 02 = (0010)

wiz = I(y = a?) = (0100) wi, =I(y = a®) = (1101) wy = I(y = a*) = (1110)
wio = I(y = @®) = (1011) we = I(y = a®) = (1000) wg = I(y = a’) = (1011)

w, = I(y = a®) = (1110) we = I(y = a®) = (0111) ws = I(y = a'®) = (0011)
w, = I(y = a't) = (1111) wy = I(y = a'?) = (1011) w, =I(y = a'®) = (0111)

w; = I(y = a'*) = (1001)

ke >~ » 10100011 0011 1101 1110 0101 1101 1000 1010 0101 0000
BN a® at at al® a' a® a® a® a® a® 0

3 7 5

7 11 13 2 1

a a a a a a a

V=B a* % o7 g2 gt ol ! ¢
RS £ %% 100101111011 111100110111 11101011 1000 1011 1110 1101 0100 0010 0110
INAREE 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Information bit 1010 0011 0011 1101 1110 0101 1101 1000 1010 0101 0000
Information byte a’ a* a* a®® al a® a®® a® a® a® 0

RS code in roots a™ a® o7 a2 a* a'® o' a7 a® a7 o' a®® a?

al b

RS code in vectors 1001 0111 1011 1111 0011 0111 11101011 1000 1011 1110 1101 0100 0010 0110
Byte number 1 2 3 4 5 6 7 8 9 10 11 12 13

14 15

2 —4) BEHEORE
2-4) Decryption method

10



flize OFEND D05, EARMIITEN. TR EZ LT TR 2 &b,
£, LIRIBCH 5 THR-o e HiEZBWEZ 5, FIZIE, 28R VETIERRE/R BCHFF 5 Tld, 2 By
FOREY 2720 ZIAX e(x) =x'+x/ TREL, ZEHFHEvO)NL, v Fa—»AS5., S;&LL
TOXIIEHE LT,

Basical ly, simultaneous equations are solved.

First, let's think of the method we used to handle with BCH code.

For example, in the BCH code that can correct 2 errors, the 2-bit error is
expressed by an error polynomial e (x) =x ~ i + x ~ j, and the syndromes S 1
and S_3 are calculated from the received codeword v (x) as fol lows.

S; =v(a) =u(a) +e(a) =e(a) =a‘ +a’ «++ (eq. 1)

Sy =v(a®) =u(@®) +a’ +a¥ = a® + a¥

¢w=amn=§+&2 e v (eq. 2)
1

X1, X22WEZLT, i, j2RDE, V—FYoxer T, 80 2ERT. IBRIEOEHE 255
(ZFFOM D,

e(x) = e;x' + ejx/
LREEND, W-T, 4250%EKe;, e, i, ] ZRDODDLIULENRSH D, DFV ., (LfEi, jIZIF TR
. ZDORE Se, g RELRITNUITR BV, 278D FTIERRE/R RS fF 5 DAL AL, ~&
R LT- 4 O DR A FHOD T,
So=v(D)=u(@)+e(l) =e(1) =¢; +e¢
S; =v(a) = u(a) + e(a) = e(a) = g;a’ + eja’
S, =v(a?) = e(a?) = g;a® + eja?
S; =v(a®) = e(a®) = ¢;a® + gja®
D4SOFEXMBETHN, ZNEMFIERDD 2 ENETH D, (EE : BCH O, S, =
v(@)IFERD o7, ) KVFEICOVWTIE, 7. 2. 4TS,

Equations 1 and 2 can be combined to get i and j.

In Reed-Solomon, an error polynomial has an element in the extension field as
a coefficient, so it can be expressed as follows.

e X) =eix " i+ejx ]

Therefore, it is necessary to find the four variables e_i, e_i, i, j. That

is, not only the positions i and j but also their values e_i and e_j must be
determined. A 2-error-correctable RS code generator polynomial has four roots

11



of consecutive powers, so the following four equations can be established and
solved. (For more details, see 7.2.4.)

So=v()=u(@)+e(l) =e(1) =¢; +e¢
S; =v(a) = u(a) +e(a) = e(a) = e;a’ + eja'f
S, =v(a?) = e(a?) = ¢;a® + eja?

S; =v(a®) = e(a®) = ¢;a® + ¢ja®

7. 2. 3 RSEHM (BE) K& (/A1 F)
1.2.3 RS code details
[mEor ] [mEok ] . . . .
Ir—1 Iz Iy

(1) E#
kAE DI HRFL T g, I, [y 2 TF 5T 5, 2D OEHREELIZGFR™ DI, T7bb, mfEd
GFQ2™DTEa T = (G, +, €1, Co) & LT 5,
kA DTEHEE T g, -+, Iy, [y R ELE T HGF(2™) LOZHAEE X 5,
I(y) = Ly P+ + Ly + 1
nkk<n<2MmeT5, nfADGFR™DAEVIZERDI0%, ay,a,, -, a, & L, Fil®D X ) ITHERT
H5 5%, BEEnDGFR™MED RSHELE D,
w = (I(ay), I(az), -, 1(ay) )
(ZoFEL 7=V 2 EBHBORBRKIL, SHFHE 558 & FHReEyYs p158, Iy %
G)TEIST-40 TRDTH LW, )

(1) Definition

Let us consider encoding k information symbols, 1_ (k-1), ~ 1.1, 1.0.
These information symbols [ i are elements of GF (2 = m).
Then it is expressed as I i = (c_ (m-1), -, c¢_1, ¢_0) using m elements of GF
(2 " m).
Consider a polynomial on GF (2 = m) whose coefficients are k information
symbols 1_ (k-1), -, 1_1, 1_0.
I () =1_ k-Dy" k1) +-+11y+10
Let n be k <n <2 " m.
Let n Different elements of GFs (2 " m) be a_1, @ 2, -, a_n.

Then, a code configured as shown below is called RS code on the GF (2 = m)
with a code length of n.
w= (I (a_1), 1 («_2), -, 1T (a_n))
12



( So far, apart from this definition we have discussed the method where I(y)
is divided to find the remainder. The relationship between this definition
and the method is based on Fourier transform.)

(2) n=2"—10O RS %=
(2) RS code whose length n is 2~ m-1

a%GFQ™) LDt L, n=2m—-1L325 &%, GFQ™) EDOn— 1R TFOLZIAW (x) 3
a,a?, -, aVRERE L TR 61X, WO ZEn, H# Tk, &/DEBdy, =n—k+ 1D RS
o DR L 785,

TFEEw = (1(a), 1(ay), -, 1(a) )D ay, ay, -, apld. FIEZHEXp(x)Dit (RifE) Zal 35
L. aDREFTRITE D, - T

w = (Wy, Wy, wy) = (1(@™™),1(a™?),-+,1(1))

wp,=1(y=a®)=1(y=1) =Ly + 1 +1,
w; = 1(a™0) = L a® D& 4oy [qn=l 4
wy = I(@"Y) = [_,a®@ DED 4 .4 [ g1 4]

ERFFAET D, T, SEOERGE T ey, Iy, [ R aD X EFTEAT LI FaEl 28 LT
HLEHERD, HDOWE IY) =Ly o+ Ly + 1y 13 COERE B Leoq, -, L, [ BRI L
THZEAMBER L TNDD T, w=(wy,wy, -, W) DR ERZAGRIL T g, I, Ly CERI N
LR EICEEL TWD E B E XD,
w = (W, wy, -, W) ZHART L2 D (FEEZEN) LT LD,
W) =wix™+ wox™ 1+ o+ w1 x + wy,

=Ily=a"Dx"+I(y=a®HDx" 1+ +I(y=al)x+I(y = a®)

When « is a primitive element on GF (2 "m) and n =2 " m-1, if a polynomial
W (x) of degree n-1 or less on GF (2 "m) has @, a@ ~ 2,~, a ~ (n—k) as its
roots, W (x) is a codeword of RS code with code length n, information symbol
k, and minimum distance d_min = n-k + 1.

13



Where o is a primitive element of the primitive polynomial p (x), then a
codewords w = (I (a_1), I (a_2), -, I (a_n)), where a_1, a_2, ~, a_n
can be expressed by the power of root of «.

w= W1 w2 - wn=(U(a ™ NnD), I (a” (2), - I A))

wn=I1 y=a "0 =1¢=1 =1 k1) +-1.1+10
w_i=1 (" (D))=1_ &1 a (-0 D) +-+I11a  ©i) +10
wili=1(ax (1) =1 k1) a (1) k-1)+~-+11a 1) +10

It can be also said that the method converts an original information symbols

I_ (k-1), ~, 1.1, 1.0 into codewords weight